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Y = (Y (s ), Y (s ), ..., Y (sny
))T

X = (X(s ), X(s ), ..., X(sny
))T

Z sny
s s

Y (si) = β + β X(si) +ZT (si)βz

+ǫ(si), i = , , ..., ny

βz β ǫ(si) ∼ N( , σǫ )

Z(si)(q× ) si X(si)

si

X Y

tnw
t t

W = (X(t ), X(t ), ..., X(tnw
))T

X = (X(s ), X(s ), ..., X(sny
))T

W

X̂ = (X̂(s ), X̂(s ), ..., X̂(sny
))T

nw ny

 [
 D

ow
nl

oa
de

d 
fr

om
 a

nd
is

he
ye

am
ar

i.i
rs

ta
t.i

r 
on

 2
02

5-
07

-1
7 

] 

                             2 / 12

https://andisheyeamari.irstat.ir/article-1-247-en.html


Y = β + β X + βZZ + ǫ

= β + β (X̂ + V ) + βZZ + ǫ

= β + β X̂ + βZZ +

η η = β V + ǫ

var(η) = β ΣV + σǫIny
.

β

X X̂

β̂

var(η) = β ΣV + σǫIny

σ β

X̂

s s k = , , ...,M X(k) = X̂ + V (k)

si or tj Y X Z
s Y (s ) Z(s )

s Y (s ) Z(s )

sny
Y (sny

) Z(sny
)

t X(t ) Z(t )

t X(t ) Z(t )

tnw
X(tnw

) Z(tnw
)

Y (si)

X

X̂ W

X̂

β

β̂plug−in = (X̂T
X̂)− X̂

TY

V ar(β̂plug−in) = σǫ (X̂
T
X̂)−

X̂ = [ ny×
X̂ Z]

X̂

X

X = X̂ + V

X V = X − X̂

X X̂ V ∼ N( ,ΣV ) ǫ
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X(k)

β

k = , ...,M W(k) β̂ (k)

β̂ (k)

β̂ M =
M

M∑

k=

β̂ (k).

(BM ) (W̄M )

W̄M =
M

M∑

k=

W(k),

BM =
M −

M∑

k=

(β̂ (k) − β̂ M ) ,

V̂ ar(β̂ M ) = W̄M +
M +

M
BM ,

( +
M
)

X(k)

X

X X(k)

(RC)

sny

k = , , ...,M β̂ (k)

β̂

V ar(β̂ ) =V ar(E(β̂ (k)|X(k))) + E(V ar(β̂ (k)|X(k))).




W

X(k)




Σ =



ΣW ΣXW

ΣT
XW ΣX




Σ

Σ = LLT

L =



L

L L




N( , ) V =




V

V (k)







W

X(k)


 =



L

L L






L− W

V (k)




=




W

L L− W + L V (k)


 ,

k = , ...,M,

sny
s s
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Y = β ny×
+ β X̂cal + βZZ + ǫ

= β ny×
+ β X̂γ̂ + βZZ + ǫ

β

β̂cal = Γ̂− β̂plug−in

= Γ̂− (X̂T
X̂)− X̂

TY

β̂plug−in

β̂cal

V ar(β̂cal) = Γ̂− [β σδ(D
TD)− + σǫ (X̂

T
X̂)− ](Γ̂− )T

D = [ Ŵ Z ]

W

E




Y

X

W



=



[β + β µX + ZT (si)βZ ]

ny

i=

µX (ny+nw)× ,




cov




Y

X

W



=




β ΣX +Σǫ β ΣX β ΣXW

β ΣX ΣX ΣXW

β ΣT
XW ΣT

XW ΣW ,






Y

W


 ∼ N

(

[β + β µX + ZT (si)βZ ]

ny

i=

µX nw×


 ,Σ

)
,

Σ =



β ΣX +Σǫ β ΣXW

β ΣT
XW ΣW


 .

W = (X(t ), X(t ), ..., X(tnw
))T

k W

W nw − k W

Z Ŵ W

Z Z W

Ŵ W W

W (ti) = γ + γ Ŵ (ti) + γT
z Z (ti)

+ δ(ti), i = , ..., k,

var(δ(ti)) = σδ E(δ(ti)) =

γ̂ =

(γ̂ , γ̂ , γ̂T
z )

T ,

X̂

E(X(si)|X̂(si)) = γ + γ X̂(si) + γT
z Z(si), i = , ..., ny,

γ = (γ , γ ,γT
z ) γ̂ = (γ̂ , γ̂ , γ̂T

z )

X̂

X̂cal(si) = γ̂ + γ̂ X̂(si)+γ̂
T
z Z(si), i = , ..., ny,

X̂cal = X̂γ̂,

X̂ = [ ny×
X̂ Z]

Γ

Γ =




γ ×q

γ ×q

q× γz Iq×q



.

[ ny×
|X̂|Z] Γ

X̂cal [ ny×
|X̂cal|Z] [
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[Y W ]T

[Y W ]T

N =

X = g + δ

g ∼ N(µ ,R(φ, ν)),

Γ(ν) ν−

( √
νt

φπ

)ν

Kν

( √
νt

φπ

)
,

< ν φ t

ν Kν

δ

δ ∼ N(o, σδInw
),

Y ∼ N(β + β X, σǫI),

β = β =

ny = nw =

nw + ny = Y X

Y

W Y

fYW (y, w) =√
( π|Σ|)

× exp

(
− V TΣ− V

)
,

V =



V Y

V X


 =



Y − [β + β µX + ZT (si)βZ ]

ny

i=

W − µX m×


 .

θǫ θX

β

l(φ) = −log(fYW ) = log|Σ|+ V TΣ− V ,

φ = [βT µX θT
X θT

ǫ ]
T

θǫ θX

β = [β β βZ ]
T

+ q

( + q)

φ̂ML = [β̂
T

ML µ̂X,ML θ̂
T

X,ML θ̂
T

ǫ,ML]
T ,

φ̂ β

β̂ ,ML = φ̂ ,ML

β̂ ,ML

[Y W ]T

φML

(i, j) (I(φ)− )

I(φ)ij = −E
(

∂l

∂φiφj

l(φ;Y ,W )

)

β̂ ,ML

v̂ar(β̂ ,ML) = I− (φ)

∣∣∣∣
φ=φ̂ML
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D •

g ∼ N( , R( , )), δ ∼ N( , σδI ),

σδ = , σǫ =

E •

g ∼ N( , R( , )), δ ∼ N( , σδI ),

σδ = , σǫ =

Y

M =

β

nw − W

γ W

γ̂

X

△

◦

A •

g ∼ N( , R( , )), δ ∼ N( , σδI ),

σδ = , σǫ =

B •

g ∼ N( , R( , )), δ ∼ N( , σδI ),

σδ = , σǫ =

C •

g ∼ N( , R( , )), δ ∼ N( , σδI ),

σδ = , σǫ = [
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