
U = X + Y Y X

Q = X/(X + Y ) P = XY

Y X

f(x.y) =

{

αβ exp(−βy)[1 − exp(−αx)] 0 ≤ αx ≤ βy

αβ exp(−αy)[1 − exp(−βy)] 0 ≤ βx ≤ αy

}

β > 0 α > 0 y > 0 x > 0

P = XY U = X + Y

Q = X/(X +Y )

GO P
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βx(a, b) =

∫ ∞

0

ta−1 exp (1− t)
b−1

dt.

Y X

fX (x) = α2x exp (−αx)

fY (y) = β2y exp (−βy)

β α

P = XY U = X + Y

Q = X/(X+Y )

Q P U

Kn(x) = (
√
πxn)/(2nΓ(n+ 1/2)

×
∫ ∞

1

(

t2 − 1
)n−1/2

exp (−xt) dt)

Γ(a, x) =

∫ ∞

x

ta−1 exp (−t) dt

β = 0.8, 0.2, 0.9 fy(y) α = 0.1, 0.5, 0.8 fx(x)
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Y X

Y X

E[X] =
∞
∫
0
xα2xe−αxdx =

∞
∫
0
x2α2e−αxdx =

2

α

E[y] =
∞
∫
0
yβ2ye−βydy =

∞
∫
0
y2β2e−βydy =

2

β

E[XY ] = αβ
∞

∫
0

∞

∫
αx
β

xyexp (−βy) [1− exp (−αx)] dydx

+ αβ
∞

∫
0

∞

∫
βy
α

xyexp (−αx) [1− exp (−βx)] dxdy =
5

αβ
,

Con[x, Y ] = E[xy]− E[x]E[Y ] =
1

αβ
,

V ar[Y ] V ar[X] E[Y 2] E[X2]

E[X2] =
∞
∫
0
x2α2xe−αxdx =

∞
∫
0
x3α2e−αxdx =

6

α2
,

E[Y 2] =
∞
∫
0
y2β2ye−βydy =

∞
∫
0
y3β2e−βydy =

6

β2
,

V ar[X] = E[X2]− E2[X] =
6

α2
− (

2

α
)2 =

2

α2
,

V ar[Y ] = E[Y 2]− E2[Y ] =
6

β2
− (

2

β
)2 =

2

β2
.

Y X

ρ =
Cov [x, y]

√

V AR [X]
√

V AR [Y ]
=

1
αβ

√

2
α2

√

2
β2

=
1

2
,

Y X

Cv[X] = Cv[Y ] =
σ

µ
=

√

2
α2

2
α

=

√
2

2
,

MX [t] = E
[

etx
]

=
∞
∫
0
etxα2xe−αxdx =

α2

(t− α)
2 ],

Y = y x

f (x|Y = y)=

{

α(βy)−1 [1 − exp (−αx)] 0 ≤ αx ≤ βy

α(βy)−1exp (−αx) [exp (βy) − 1] 0 ≤ βy ≤ αx
,

X = x Y

f (Y |X = x) =

{

β(αx)−1exp (−βy) [exp (αx) − 1] 0 ≤ αx ≤ βy

β(αx)−1 [1 − exp (−αx)] 0 ≤ βy ≤ αx

Y X

m ≥ 1 n ≥ 1

E[XnY m] =
m!

αnβm2n+1

m
∑

k=0

(n+ k)!
(

2n+k+1 − 1
)

k!2k

+
n!

αnβm2m+1

n
∑

k=0

(m+ k)!
(

2m+k+1 − 1
)

k!2k
.

E[Xn

Y
m] = αβ

∞

∫
0

∞

∫
αx
β

x
n

y
m

exp (−βy) [1− exp (−αx)] dydx

+ αβ
∞

∫
0

∞

∫
βy
α

x
n

y
m

exp (−αx) [1− exp (−βx)] dxdy

= αβ
−m

∞

∫
0

x
nΓ (m+ 1, αx) [1− exp (−αx)] dx

+ βα
−n

∞

∫
0

y
mΓ (n+ 1, βy) [1− exp (−βy)] dy.

Γ (n+ 1, x) = n! exp (−x)
n

∑

k=0

x

k!

k
,

E[X
n
Y

m
] = αβ

−m
∞

∫
0

x
n

[

m! exp (−αx)
m
∑

k=0

(αx)

k!

k
]

[1 − exp (−αx)] dx

+ βα
−n

∞

∫
0

y
m

[

n! exp (−βy)

m
∑

k=0

(βy)

k!

k
]

[1 − exp (−βy)] dy

= αβ
−m

m!
m
∑

k=0

α

k!

k ∞

∫
0

x
n+k

exp (−αx) [1 − exp (−αx)] dx.

E[XnY m] =
m!

αnβm2n+1

m
∑

k=0

(n+ k)!
(

2n+k+1 − 1
)

k!2k

+
n!

αnβm2m+1

n
∑

k=0

(m+ k)!
(

2m+k+1 − 1
)

k!2k
.
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u

fU (u) =
λ

∫
0
αβu exp [−βu (1− q)] [1− exp (−αuq)] dq

+
1

∫
λ
αβu exp (−αuq) [1− exp (−βu+ βuq)] dq.

fU (u) = (α+ β) exp (−αu) +
α2 exp (−βu)− β2 exp (−αu)

β − α
.

q > 0

∞
∫
0
xα−1 exp

(

−px− q

x

)

dx = 2

(

q

p

)α/2

kα (2
√
pq) .

Y X

0 < P <∞

fP (p) = 2αβ[Γ
(

0,
√

αβp
)

− k0

(

2
√

αβp
)

].

X

P = XY

f (x, p)=

{

αβx−1 exp
(

−βpx−1
)

[1 − exp (−αx)] 0 ≤ x ≤ δ

αβx−1 exp (−αx) [1 − exp
(

−βpx−1
)

] δ < x
,

P δ =
√

βp
α

fP (p) = αβ
δ

∫
0
x−1 exp

(

−βpx−1
)

[1− exp (−αx)] dx

+ alphaβ
+∞
∫
δ

x−1 exp (−αx)
[

1− exp
(

−βpx−1
)]

dx.

fP (p) k = αx t = βp
x

fP (p) = αβ
+∞

∫
√

αβp

t
−1

exp (−t) dt − αβ
+∞

∫
0

x
−1

exp

(

−αx −
βp

x

)

dx

+ αβ
+∞

∫
√

αβp

k
−1

exp (−k) d.

MY [t] = E
[

etY
]

=
∞
∫
0
etY β2Y e−βY dY =

β2

(t− β)
2 .

γ1 [X] X

γ2 [X]

γ1 [X] =
µ3

σ3
=

E(X − µx)
3

σ3
=

1

σ3

∞

∫
0

(X − µx)
3
α

2
xe

−αx
dx =

2
√
2
,

γ2 [X] =
µ4

σ4
−3 =

E(X − µx)
4

σ4
−3 =

1

σ4

∞

∫
0

(X − µx)
4
α

2
xe

−αx
dx−3 = 3,

γ1 [Y ] Y

γ1 [Y ]

γ1 [Y ] =
µ3

σ3
=

E(y − µy)
3

σ3
=

2
√
2
,

γ2 [Y ] =
µ4

σ4
− 3 =

E(y − µy)
4

σ4
− 3 = 3.

P = XY U = X+Y

X Q = X/(X + Y ) Z = X/Y

Y

Y X

fU (u)=(α+ β)exp (−αu) + α2 exp (−βu)− β2 exp (−αu)
β − α

,

λ = β
α+β u ≥ 0

Q = X/(X + Y ) U = X + Y

f (u, q) =







αβu exp [−βu (1 − q)] [1 − exp (−αuq)] 0 ≤ q ≤ λ

αβu exp (−αuq) [1 − exp (−βu + βuq)] λ ≤ q ≤ 1
,

λ = β
α+β 0 ≤ q ≤ 1 u > 0 [
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Q

fQ (q) =







































αβ
∞

∫
0

u exp [−βu (1− q)] [1− exp (−αuq)] du

0 ≤ q ≤ λ

αβ
∞

∫
0

u exp (−αuq) [1− exp (−βu+ βuq)] du

0 ≤ q ≤ 1

, ,

β α

Y X

η = β
α

fZ (z) =











α
β −

αβ
(β+αZ)2

Z ≤ η

β
αZ2 − αβ

(β+αZ)2
η < Z

.

X

Z = X/Y

f (x, z) =

{

αβxz−2 exp
(

−β
z

x
)

[1 − exp (−αx)] 0 ≤ z ≤ η

αβxz−2 exp (−αx)
[

1 − exp
(

−β
z

x
)]

η < z
.

Y X

λ = β
α+β 0 < q < 1

fQ (q) =











α
β(1−q)2

− αβ
[β(1−q)+αq]2

q ≤ λ

β
αq2 −

αβ
[β(1−q)+αq]2

λ < q
.

β α fQ(q) fZ(z) fP (p) fU (u)
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FQ(q) =

∫ λ

0

{

α

β(1− t)
2 −

αβ

[β (1− t) + αt]
2

}

dt

+

∫ q

λ

{

β

αt2
− αβ

[β (1− t) + αt]
2

}

dt.

P = XY U = X + Y

Y X Q = X/(X+Y )

Y X

n ≥ 1

E[u
n
] =

n
∑

j=0





n

j





(n − j)!

αjβn−j2j+1





n−1
∑

k=0

(j + k)!
(

2j+k+1 − 1
)

k!2k





+

n
∑

j=0





n

j





j!

αjβn−j2n−j+1





j
∑

k=0

(n − j + k)!
(

2n−j+k+1 − 1
)

k!2k



 .

E[un] = E[(x+ y)]n =
n

∑

j=0







n

j






E[XjY n−j ].

Y X

n ≥ 1

E[pn] = E[(x+ y)]n =
n

∑

j=0







n

j






E[XjY n−j ].

Y X

n ≥ 1

E[Qn] =
α

β
β (n+ 1,−1) + β

α
H (n)

− α

(α− β)
n+1

n
∑

k=0







n

k






(−β)n−k+1

J (k) ,

U = X + Y

Y X Q = X/(X + Y )

Y X

FU (u)=























β3 exp(−αu)−α3exp(−βu)
αβ(β−α) −(α+β) exp(−αu)

α +1

u > 0

0

.

U = X + Y

FU (u) =
u

∫
0
(α+ β) exp (−αt)

+
α2 exp (−βt)− β2 exp (−αt)

β − α
dt,

Y X

0 < q < 1

fQ(q) =



































0 q ≤ 0

αβ
(α−β)[β(1−q)+αq] +

α
β

[

αq−β
(α−β)(1−q)

]

q ≤ λ

αβ
(α−β)[β(1−q)+αq] −

β
αq −

β2

α(α−β) + 1 λ < q

1 1 ≤ q

0 < q < λ Q = X/(X + Y )

FQ (q) =
q

∫
0

{

α

β(1− t)
2 −

αβ

[β (1− t) + αt]
2

}

dt,

λ < q < 1 [
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X1

Y1

n 101

U = X + Y

Y ∼ Gamma(2, β) X ∼ Gamma(2, α)

(X,Y ) (x1, y1), (x2, y2), , (xn, yn)

β α

α̂ =
2n

∑n
i=1 xi

=
2× 101

243
= 0.831,

β̂ =
2n

∑n
i=1 yi

=
2× 101

487
= 0.414.

β̂ = 0.414 α̂ = 0.831 β̂ α̂

fX,Y (x, y) =



































0.344 exp (−0.414y) [1− exp (−0.831x)]

0 ≤ 0.831x ≤ 0.414y,

0.344 exp (−0.831x) [1− exp (−0.414y)]

0 ≤ 0.414y ≤ 0.831x.

fX(x) = (0.831)2x exp (−0.831x) ,

fY (y) = (0.414)
2
y exp (−0.414y) ,

fU (u) = (1.245) exp (−0.831u)

+
(0.831)

2
exp (−0.414u)− (0.414)

2
exp (−0.831u)

0.414− 0.831
.

U Y X

Y X

Y

U = X + Y

H(n) =











1−n−1

n−1 , n 6= 1

−ln, n = 1
,

J (k) =











αk−1−βk−1

K−1 , k 6= 1

lnα− lnβ, k = 1
.

E[Qn] =

∫ λ

0

{

α

β(1− q)
2 −

αβ

[αq + β (1− q)]
2

}

qndq

+

∫ 1

λ

{

β

αq2
− αβ

[αq + β (1− q)]
2

}

qndq

=
α

β

∫ λ

0

qn

(1− q)
2 dq +

β

α

∫ 1

λ

qn−2dq

− αβ

∫ 1

0

qn

αq + β(1− q)
2 dq

.

t = αq + β(1− q)

αβ

∫ 1

0

qn

[αq + β (1− q)]
2 dq =

αβ

(α− β)
n+1

∫ α

β

(t− β)
n
t−2dt.

(t − β)n

j = 1, ..., n (Xj , Yj)

Yj Xj
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U Y X

230

91 90

91 90
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P = U = X + Y

Q = X/(X + Y ) XY

230

Y X
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