
k

k

k
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S ξ

k ξ
(
ν
k

)

ξ

S = {Mi : y = A ξ +A iξ i + e},

(
ν
k

)
k × i ξ i

A N ×k A i ξ

k ξ

ξ

ξ k

S

Mi

Mj

k =

k =

y(N × )

y = A ξ +A ξ + e, V ar(e) = σ I,

A (N × ν ) A (N × ν )

e(N × ) ξ (ν × ) ξ (ν × )

ξ k

ξ ν k

ξ k

σ =

T

A A (N × k)

rank[A : A ] = ν + k.

σ =

σ >

(
ν
k

)
ξ k ξ

k

ξ ξ
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T

PT (ρ) = min
ζ ⊂ξ

min
ζ∈A(ξ ;ζ)

G(ζ , ζ, ρ),

ξ ζ A(ξ ; ζ)

PT (ρ) ζ

T ξ

PT (ρ)

T T

T T

PT (ρ) > PT (ρ) ρ >

D D D

ξ

ξ

D k =

D D

D D

< ρ < D D D PT (ρ)

D D D

D D

D ρ

ρ D

(ν − ) M

ζ

(M ,Mi) ν (ν − )

ν (ν − ) Gi(ζ , ζ, ρ)

Di ρ

Gi(ζ , ζ, ρ) ν × ν

Mi M

(
ν
k

)

ξ

σ >

Mi M

P [SSE(M ) < SSE(Mi)|M ,Mi, σ ].

M

σ Mi

k = SSE

G(ζ , ζ, ρ) = − Φ(c ρ)− Φ(c ρ) + Φ(c ρ)Φ(c ρ)

c = Φ(·)

c = c (ζ , ζ) =
(

r(ζ ,ζ ) ( − x(ζ , ζ))
) /

(γ, η) = c (ζ , ζ) =
(

r(ζ ,ζ ) ( + x(ζ , ζ))
) /

(ζ , ζ ), (ζ , ζ), (ζ, ζ)

r(γ, η) = A′ (γ)[I − A (A′A )− A′ ]A (η)

ρ = ζ /σ x(ζ , ζ) = r(ζ , ζ)/ [r(ζ , ζ )r(ζ, ζ)]
/

G c c G

ρ

ν − ζ ρ = |ζ |/σ

ν (ν − )

(ζ , ζ) [
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ν =
( )

= n− = n+ =

D D I

D D II n− = n+ =

GMSP ( )−GMSP ( ) = / − / =

D D III / >

ρ = D D

ρ >

III − I ρ

r(ζ , ζ ) c(ζ , ζ) ri(ζ , ζ ) cDi(ζ , ζ)

x c Di

ρ r(ζ , ζ ) c(ζ , ζ)

ρ c

ρ >

ρ r c

D D

r (ζ , ζ ) ≥ r (ζ∗, ζ∗) cD (ζ , ζ) ≥ cD (ζ∗, ζ∗)

r (ζ , ζ ) ≤ r (ζ∗, ζ∗) cD (ζ , ζ) ≤ cD (ζ∗, ζ∗)

r (ζ , ζ ) > r (ζ∗, ζ∗) cD (ζ , ζ) < cD (ζ∗, ζ∗)

r (ζ , ζ ) < r (ζ∗, ζ∗) cD (ζ , ζ) > cD (ζ∗, ζ∗)

I D D

ñ ñ− ñ+

ζ = ζ∗, ζ = ζ∗

D I ñ+ > ν × (ν − )/

D

D I ñ− > ν × (ν − )/

D

ñ ñ− ñ+ II

ζ = ζ∗

SPMi(ρ)

Mi M

D D I

n− n+

ρ (SPM (ρ)−SPM (ρ))

n−+n+ ≤ ν (ν − )

D I

n+ > (ν (ν − ))/ ρ > D

II

Di MSPVi(ρ)

n− n+ D D

(MSPV (ρ) −MSPV (ρ))

II n− + n+ ≤ ν

ρ > D D

n+ > ν /

III

GMSPi(ρ)

III Di

ρ > D D

GMSP (ρ) − GMSP (ρ) >

III

D D

III − I D D

ρ =

ξ

 [
 D

ow
nl

oa
de

d 
fr

om
 a

nd
is

he
ye

am
ar

i.i
rs

ta
t.i

r 
on

 2
02

5-
07

-1
7 

] 

                             4 / 13

https://andisheyeamari.irstat.ir/article-1-211-en.html


σ

ζ ρ

ρ

ρ

G ρ

Wf (ζ , ζ) =

∫ ∞

G(ζ , ζ, ρ)f(ρ)dρ.

ρ Wf (ζ , ζ)

f(ρ) G(ζ , ζ, ρ) W (ζ , ζ)

WSP = min
ζ ⊂ξ

min
ζ∈A(ξ ;ζ)

Wf (ζ , ζ).

WSP

WSP

WSP

WSP

WSPi

i = , Ti

T T

WSP > WSP

f(ρ)

D D II ñ+ > ν /

D D II ñ− > ν /

cD (ζ , ζ) cD (ζ , ζ) cD (ζ , ζ)

C C C D D D

r (ζ , ζ ) r (ζ , ζ ) r (ζ , ζ )

r r r

ν (ν − ) = × = ñ− ñ+

D D I

ñ− ñ+

II ν = =

ñ− = D D

D D I ν (ν − ) =

ν = ñ− ñ+

II

ñ+ = > ñ+ = > D D

D D

III − I

ρ

ρ >

ρ III − I

D D

σ ρ [
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S = S − {M } Mi ∈ S

k ≥

f (y,A i, ξ i, σ) f (y,A , ξ , σ)

Mi M

y′ = (y , ..., yN )

Ii(f , f ) =
∫

f (y,A , ξ , σ) log{
f (y,A , ξ , σ)

f (y,A i, ξ i, σ)
}dy,

e dy = dy ...dyN

µi = E(y) = N( , σ )

A ξ +A iξ i

Ii(f , f ) =
σ

[Ef {(y − µi)
′(y − µi)}

−Ef {(y − µ )′(y − µ )}]

=
σ

(A ξ −A iξ i)
′(A ξ −A iξ i),

M Ef

M

Mi

Mi M

ξ i

ξ i = (A′ iA i)
− A′ iA ξ

Ii(ρ,A ) = min
ξ i

Ii(f , f )

= ρ′A′ (I −Hi)A ρ,

Hi = A i(A
′
iA i)

− A′ i ρ = σ ξ

KL

KLT (ρ) = min
S

min
S

Ii(ρ,A ).

T A i A ρ KLT

KLT

ρ ρ G(ζ , ζ, ρ)

G

ρ

f(ρ) f(ρ)

ρ

ω = ρ f(ω)

ω = ρ λ υ

υ
λ Gamma(υ, λ)

Wf (ζ , ζ) = − T
(
c (

υ

λ
) /

)
− T

(
c (

υ

λ
) /

)

+ T
(
c (

υ

λ
) /

)
T

(
c (

υ

λ
) /

)
,

υ t T (.)

k =

k ≥

H : M = Mi v.s. H : M = M ,

M

Mi

M : y = A ξ +A ξ + e,
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ξ

KLDi
( ) ξ

NKLDi
( )

D D KLD > KLD > KLD

D D D

k =

KL k =

D D KLT (ρ)

D

D

D

i = , ξi k =

ρ′ = (ρ , ρ ) KLT (ρ)

D

k = KL

ρ

ρ k ≥

ρ

ρ

ρ

k× ρ

f(ρ)

EKLi(A ) =

∫
Ii(ρ,A )f(ρ)dρ.

Hi A EKLi(A )

T

KL

N T T

T T

KLT (ρ) > KLT (ρ) ρ >

KL

k =

k = N

Ii(ρ,A ) Ii(ρ,A ) = Ii(−ρ,A )

Ii(ρ,A ) ≤ Nρ ρ

k = N T

KLT (ρ)

KLT (ρ) = KLT (−ρ)

≤ NKLT ( ) ≤ ρ =

k = ρ >

ρ

ρ

ρ =

D D D

D
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EKLT

EKLT = min
S

min
S

Trace(Hi(A )),

EKLT ≤ kN

EKL D D

D D

D

ρ

ρ

ρ

ρ f(ρ)

ρ

D D D

D

I D D

D D II

D D D I D

D D

D D

k =

k ≥

ρ

Ii(ρ,A )

Ii(ρ,A ) =
k∑

i=

ρihii +
∑∑

i6=j

ρiρjhij ,

(i, j) i, j = , , ..., k hij

i = , ..., k ρi Hi(A ) = A′ (I − Hi)A

EKLi(A i)

EKLi(A ) = Trace(Hi(A ))var(ρ.)

+
∑

i

∑

j

hijE (ρ.),

ρi var(ρ.) E(ρ.)

T

EKL

EKLT = min
S

min
S

EKLi(A ).

T EKL

N T T

T T

EKLT > EKLT

f(ρ)

ρ ρ

fi(ρi) =





g(−ρi) if ρi <

g(ρi) if ρi >

υλ g(ρi)

EKLi(A ) = (υλ + υ λ )Trace(Hi(A )).

υλ + υ λ

Trace(Hi(A )) [
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D D

k = D

D D

k ≥

f

k ≥

0 0.5 1 1.5 2 2.5 3 3.5 4
0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

ρ

P
T
(ρ

)
D

3

D
2

D
1

D D D

D D D

D D D
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D D

D D

D D D

SPM ( ) =

























































− / / / / / / / / /

/ − / / / / / / / /

/ / − / / / / / / /

/ / / − / / / / / /

/ / / / − / / / / /

/ / / / / − / / / /

/ / / / / / − / / /

/ / / / / / / − / /

/ / / / / / / / − /

/ / / / / / / / / −

























































SPM ( ) =

























































− / / / / / / / / /

/ − / / / / / / / /

/ / − / / / / / / /

/ / / − / / / / / /

/ / / / − / / / / /

/ / / / / − / / / /

/ / / / / / − / / /

/ / / / / / / − / /

/ / / / / / / / − /

/ / / / / / / / / −

























































MSPV ( ) =
[

/ / / / / / / / / /
]

MSPV ( ) =
[

/ / / / / / / / / /
]
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C =

























































− / / / / / / / /

/ − / / / / / / / /

/ / − / / / / / / /

/ / / − / / / / / /

/ / / / − / / / / /

/ / / / / − / / / /

/ / / / / / − / / /

/ / / / / / / − / /

/ / / / / / / / − /

/ / / / / / / / / −

























































r =
[

/ / / / / / / / / /
]

C =

























































− / / / / / / / / /

/ / / / / / / / /

/ / − / / / / / / /

/ / / − / / / / / /

/ / / / − / / / / /

/ / / / / − / / / /

/ / / / / / − / / /

/ / / / / / / − / /

/ / / / / / / / − /

/ / / / / / / / / −

























































r =
[

/ / / / / / / / / /
]

C =

























































− / / / / / / / / /

/ − / / / / / / / /

/ / − / / / / / / /

/ / / − / / / / / /

/ / / / − / / / / /

/ / / / / − / / / /

/ / / / / / − / / /

/ / / / / / / − / /

/ / / / / / / / − /

/ / / / / / / / / −

























































r =
[

/ / / / / / / / / /
]

III − I D D D

ñ ñ− ñ+ ñ ñ− ñ+

D v.s.D

D v.s.D

D v.s.D

 [
 D

ow
nl

oa
de

d 
fr

om
 a

nd
is

he
ye

am
ar

i.i
rs

ta
t.i

r 
on

 2
02

5-
07

-1
7 

] 

                            11 / 13

https://andisheyeamari.irstat.ir/article-1-211-en.html


D D D

D D D

/ / / KLDi
( )

/ / / NKLDi
( )

D D

/ / − / − − / − ρ

D ρ

/ / / / / / / / −

/ / / / / / / / − /

/ / / / / / / / −

/ / / / / / / / − /

D

/ / / / / / −

/ / / / − /

/ / / / / / / / −

/ / / / / / / / − /

m
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