
κi, F , F

F = F (k − n, k , k ;−
x( − θ)

θ − x
)

F = F ( − k , n− k + , n− k + ;−
θ( − x)

x− θ
),

F (a, b, c; z) = K

∫

tb− ( − t)c−b− ( − tz)−adt,

k = κi =
Γ(n+ )

Γ(ki)Γ(n−ki+ ) , k = Γ(c)
Γ(b)Γ(c−b) .

f(x|θ, n) k = n

f(x|θ, n) =











n(x
θ
)n− < x ≤ θ

n( −x
−θ
)n− θ ≤ x < .

STSP

STSP MLE

( , )

( )

( ) ( )

GTSP

GTSP ( )

f(x|θ, n, k , k ) GTSP











κ θk −
(

x
θ

)k − (

− x
θ

)n−k
F , < x < θ

κ ( − θ)n−k
(

−x
−θ

)n−k (

x−θ
−θ

)k −

F , θ < x <



n < θ

n ↓ θ n

− θ

X ∼ STSP (θ, n) n ≥

X
d
= U( ) + θ(U(n) − U( )), < θ < .

[ , ] i.i.d Un, · · · , U

U(n) = max(U , · · · , Un) U( ) = min(U , · · · , Un)

STSP

n >

θ < θ , x ∈ ( , )⇒ F (x | θ , n) > F (x | θ , n).

< n <

θ < θ , x ∈ ( , )⇒ F (x | θ , n) < F (x | θ , n).

x ∈ ( , ) n > < θ < θ <

< x < θ

θ < x <

θ < x < θ

F (x | θ , n) = −
( − x)n

( − θ )n−
, F (x | θ , n) =

xn

θn−
.

X

f(x|θ, n) =











n(x
θ
)n− < x ≤ θ

n( −x
−θ
)n− θ ≤ x < .

≤ θ ≤ STSP (θ, n) X

n n >

θ n > ≤ θ ≤

−U < n < < θ <

n =

n = [ , ]

θ = [ , ]

STSP (θ, n)

F (x|θ, n) =











θ(x
θ
)n < x ≤ θ

− ( − θ)( −x
−θ
)n θ ≤ x < .

STSP (θ, n) k

E(Xk) =
nθk+

n+ k
+

k
∑

i=

(− )i
(

k

k − i

)

n

n+ i
( − θ)i+

E(X) =
(n− )θ +

n+
.

V ar(X) =
n− (n− )θ( − θ)

(n+ )(n+ )
.

θ STSP

n

( ) n =

n θ n > [ , ]

n→∞

Increasing and Decreasing Stochastically



X n→∞ < θ <

< θ < n ↓ θ

limn↓ E(X
k) = ( − θ) k

E(Xk) n ↓

X − θ

− θ

X < θ < n ↓

STSP (θ, n)

Y = (n− )A
(X − θ

θ

)

,

A >

f(y | θ, n,A) n >











nθ
(n− )A ( + (n− )

Y
A
)n− − (n− )A < Y ≤

nθ
(n− )A ( − (n− )

θY
( −θ)A )

n− ≤ Y < ( −θ)(n− )A
θ

n → ∞

f(y | θ, n,A)→ f(y|θ,A)

f(y|θ,A) =











θ
A
exp(Y

A
) Y ≤

θ
A
exp(− θ

−θ
Y
A
) Y ≥ .

f(y|θ, n,A)

− θ θ A

g(x)

E(f : g|Θ) =

∫

log
f(x|Θ)

g(x)
dF (y|Θ),

< θ < θ <

θ < x < θ ⇔











θ
θ
< x

θ
< ,

> −x
−θ

> −θ
−θ

.

n > , x ∈ ( , )










− x < − x( x
θ
)n− ,

( − x)( −x
−θ

)n− < ( − x).

( − x)n

( − θ )n−
< −

xn

θ n− ⇔ −
( − x)n

( − θ )n−
>

xn

θn−
,

F (xp | θ, n) = p −p xp

θ

x −p xp

xp < p⇔ p < θ

xp = θ ⇔ p = θ n

− θ θ θ STSP

p

p < min(θ, − θ)

xnp
θn−

=
( − x −p)

n

( − θ)n−
⇔

xp
− x −p

= (
θ

− θ
)

n−

n .

p p < min(θ, −θ)
xp

−x −p

p > max(θ, − θ)

x −p

− xp
= (

θ

− θ
)

n−

n

p

n→∞ θ = X ∼ STSP (θ, n)

X

n → ∞ θ =

X

Distribution Degenerate

Laplace Asymmetric

Entropy Relative

Continuous Absolute



X( ) < · · · < X(s)

X

L(X; θ, n) = ns
{

∏r

i= X(i)

∏s

i=r+ ( −X(i))

θr( − θ)s−r

}n−

,

X(S+ ) ≡ X( ) ≡ Xr ≤ θ < X(r+ )

X = (X ,X ...,Xs)

n θ MLE STSP (θ, n) i.i.d











θ̂ = X(r̂)

n̂ = − s
log M(r̂) ,

r̂ = arg maxr∈{ ,··· ,s}M(r)

M(r) =
r−
∏

i=

X(i)

X(r)

s
∏

i=r+

−X(i)

−X(r)
.

max
n> , ≤θ≤

L(X; θ, n) = max
n>

[ns.M̂n− ],

M̂

M̂ = max
≤θ≤

[

∏r

i= X(i)

∏s

i=r+ ( −X(i))

θr( − θ)s−r

]

,

X(s+ ) ≡ X( ) ≡ X(r) ≤ θ < X(r+ )

Log[nsM̂n− ] = (n− ) LogM̂ + s Log n ,

d

dn
log[nsM̂n− ] = log M̂ +

s

n
.

n̂ = −( s

log M̂
)

d

dn
log[nsM̂n− ] > ⇔ n̂ < −

s

log M̂
.

<
X(i)

θ
< i < r

< M̂ < <
( −X(i))

( −θ) < i > r

E(f : g|Θ) ≥

f(x|Θ) = g(x)

[ , ] STSP

[ , ]

[ , ]

E(f : g|α, β) = log(B(α, β))− (α− )(ψ(α)

−ψ(α+ β))− (β − )(ψ(β)− ψ(α+ β))

f(x|α, β) =
B(α, β)

xα− ( − x)β− ,

g B(α, β) = Γ(α)Γ(β)
Γ(α+β) β > α >

ψ(.) = Γ′(.) [ , ]

[ , ] STSP

E(f : g|θ, n) = log n−
n−

n
,

E(f : g|θ, n) ( ) STSP f

n n =

θ

θ STSP

θ [ , ]

− + log( )

θ STSP

MLE

STSP

STSP MLE

X = (X , · · · , Xs)

WhereAlmost Every

and Retzer Soofi



A = [ai,r]

ai,r =











x(i)

x(r)
i < r

−x(i)

−x(r)
i ≥ r.

A

(X( ), · · · , X( ))

M(r) r

( )

µ̂ = / , r̂ =

θ̂ = X(r̂) = /

n̂ =
−

log(M̂)
= /

X ∼ STSP (θ, n)

Z ∼

Z = (b−a)X+a TSP (a,m, b, n)

m = (b− a)θ + a b a

z

f(z|a,m, b, n) =











n
(b−a) (

z−a
m−a

)n− a < z ≤ m

n
(b−a) (

b−z
b−m

)n− m ≤ z ≤ b.

n m

(Z( ), · · · , Z(s))











m̂(a, b) = Z(r̂(a,b))

n̂(a, b) = − s
logM(a,b,r̂(a,b)) ,

r̂(a, b) = arg maxr∈{ ,··· ,s} M(a, b, r),

M(a, b, r) =
r−
∏

i=

Z(i) − a

Z(r) − a

s
∏

i=r+

b− Z(i)

b− Z(r)
.

( ) n̂ >

M̂ = maxr∈{ ,··· ,s}H(r)

H(r) = max
X(r)≤θ≤X(r+ )

[

∏
r

i= X(i)

∏
s

i=r+ ( −X(i))

θr( − θ)s−r

]

.

r ∈ { , · · · , s− }

r = s r =

X(r) ≤ θ ≤ X(r+ ) r ∈ { , · · · , s − }

g(θ) = θr( − θ)s−r

min
X(r)≤θ≤X(r+ )

g(θ) = min
θ∈{X(r),X(r+ )}

g(θ)

H(r) = max
r′∈{r,r+ }

r′−
∏

i=

X(i)

X(r′)

s
∏

i=r′+

−X(i)

−X(r′)
.

≤ θ ≤ X( ) r =

H( ) = max
≤θ≤X( )

[

s
∏

i=

−X(i)

− θ

]

.

H( ) =
s
∏

i=

−X(i)

−X( )
=

s
∏

i=

−X(i)

−X( )
.

X(s) ≤ θ ≤ r = s

H(s) = max
X(s)≤θ≤

[

s
∏

i=

X(i)

θ

]

.

H(s) =
s
∏

i=

X(i)

X(s)
=

s−
∏

i=

X(i)

X(s)
.

M̂ =

maxr∈{ ,··· ,s}M(r)

M(r) =
r−
∏

i=

X(i)

X(r)

s
∏

i=r+

−X(i)

−X(r)
.

θ̂ = X(r̂) M̂ r̂ = arg maxr∈{ ,··· ,s}M(r)

STSP (θ, n) MLE

(X( ), · · · , X( ))

Unimodal
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