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Bs

Bp

Bp Bs (Bs, Bp)

G Bs

Xi Xi

{Xi+1, . . . , Xn} {X1, . . . , Xi−1}
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χ2

Y X

X ⊥ Y |Z Z

Z Y X

d− sepG(X,Y |Z)

Z Y X

W ∈ Z

P (X1, . . . , Xn) =
n
∏

i=1

P (Xi|X1, . . . , Xi−1)

=

n
∏

i=1

P (Xi|Xi ),

Z Y X

X ⊥ Y |Z

Z

P (X,Y |Z) = P (X|Z) P (Y |Z).

Z Y X

W ∈ Z

W 6∈ Z

G X Y Z

Y X

d−sepG(X,Y |Z) Z
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Y X

χ2

Z

X ⊥ Y |∅

χ2 p

Z X

X

Y X

Z

X ⊥ Y |Z X

X Z

X Z

X ⊥ Y |Z

Y X

X Y X

X Y

Y X Z Y

Y X W

P (W,X, Y ) = P (Y |W )P (W |X)P (X)

= P (Y |W )P (W,X),

Y X W

P (W,X, Y ) = P (Y |W )P (X|W )P (W )

= P (Y |W )P (W,X),

X V

Z Y

W ∈ Z

P (W,X, Y ) = P (W |X,Y )P (Y )P (X).

PC

χ2

V

X −→ Y ↔ Z

X −→ Y ← Z
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P (G) P (D|G)

P (G|D)

G

P (D) P (G|D) = P (G,D)
P (D)

P (G,D)

log(P (G,D)) P (G,D)

BDeu BDe K2

BIC

Y X W

W Y W X

Y X

separatorX,Y W

YW W X XW

W Y

Y X separatorX,Y
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Xj Xj Xi

Xj

△(Xi → Xj) = score(Xj , Pa(Xj) ∪ {Xi}, D)

− score(Xj , Pa(Xj), D)

△(Xi → Xj) > 0

K2

Xi

{X1, ..., Xi−1}

BDeu BIC K2

Xi

Xi {X1, ..., Xi−1}

n

f(n) =

n
∑

i=1

(−1)i+1 n!

i!(n− i)!
2i(n−i)f(n− 1),

n f(0) = 1

Xj Xi

Xj

Xj Xi
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Xi

E

M
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θijk = P
(

Xi = x
(k)
i |Πi = π

(j)
i

)

,

∑ri
k=1 θijk = 1

G = (V,E) x(l)

pX|Θ(x(l)|θ, E) =
n
∏

i=1

qi
∏

j=1

ri
∏

k=1

θ
nijkl

ijk .

x(1), . . . , x(m)

pX|Θ(x|θ,G) =
n
∏

i=1

qi
∏

j=1

ri
∏

k=1

m
∏

l=1

θ
nijkl

ijk =
n
∏

i=1

qi
∏

j=1

ri
∏

k=1

θ
nijk

ijk

nijk =
∑m

l=1 nijkl

θijk

δML
ijk =

nijk

nij

,

nij =
∑ri

k=1 nijk

θijk

k = 1, . . . , ri

(θij1, . . . , θijri) ∼ Dir(αij1, . . . , αijri)

π(θij1, . . . , θijri) =
Γ(αij)

∏ri
k=1 Γ(αijk)

ri
∏

k=1

θ
αijk−1
ijk ,

αij =
∑ri

k=1 αijk

∑ri
k=1 θijk = 1 0 < θijk < 1

αijk > 0

x(1), . . . , x(m)

π(θij1, . . . , θijri |x) ∝ π(θij1, . . . , θijri)p(x|θij1, . . . , θijri)

∝

ri
∏

k=1

θ
nijk+αijk−1
ijk ,

(θij1, ..., θijri)|x ∼ Dir(nij1 + αij1, ..., nijri + αijri)

θijk|x ∼ Beta(nijk + αijk, nij + αij − nijk − αijk)

θijk

δ
π,MAP
ijk (x) =

nijk + αijk − 1

nij + αij − 2
.

K2

K2

V = {X1, ..., Xn} G = (V,E)

E n

Xi V × V

Xi = {x
(1)
i , . . . , x

(ri)
i } i = 1, ..., n

X = X1 × . . .×Xn

=
{

(x
(i1)
1 , . . . , x(in)

n )|ij = 1, . . . , rj , j = 1, . . . , n
}

.

m

X1, ..., Xn

x =













x(1)

x(m)













,

l x(l) = (xl,1, . . . , xl,n)

Xi qi Πi

π
(j)
i Πi = {π

(q1)
i , . . . , π

(qi)
i }

Πi j

nijkl

nijkl =











1, if (x
(k)
i , π

(j)
i ) is found in x(l)

0, otherwise

(Xi,Πi) (x
(k)
i , π

(j)
i )

i = 1, . . . , n θ

j = 1, . . . , qi k = 1, . . . , ri [
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K2

K2

K2

W = 4 R = 3 S = 2 C = 1

K2

R = 3 S = 2 C = 1 K2

W = 4

S = 2 W = 1

C = 4 R = 3

K2 K2

K2 K2

θijk

δ
π,PM
ijk (x) =

nijk + αijk

nij + αij

.

K2

C =

W = Wetgrass R = Rain S = Sprinkler Cloudy

C = Cloudy

W =Wetgrass R = Rain S = Sprinkler

PC
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W = X4 R = X3 S = X2 C = X1

n = 4

q4 = 4 r1 = r2 = r3 = r4 = 2

q1 = 0 q2 = q3 = 2

Π1 = {}, Π2 = {π
(1)
2 , π

(2)
2 }

Π3 = {π
(1)
3 , π

(2)
3 }, Π4 = {π

(1)
4 , . . . , π

(4)
4 },

π
(1)
2 = 1, π

(2)
2 = 2, π

(1)
3 = 1, π

(2)
3 = 2, π

(1)
4 = (1, 1),

π
(2)
4 = (1, 2), π

(3)
4 = (2, 1), π

(4)
4 = (2, 2).

m = 100 X3

θ321 θ311

θ321 θ311

θ311

θ312

(θ311, θ321, θ312, θ322) ∼ Beta(16, 4, 4, 16)

θ322 θ312

θ321 + θ322 = 1 θ311 + θ312 = 1

K2 K2

K2 K2

K2

K2
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m θ311

m d[1, 1] d[2, 1] d[3, 1]

θ311 m = 25

θ311 N = 10000

m

m θ311

θ311

θ322 θ312

θ321

θ322

θ311

m = 25, 50, 100 (x1, . . . , x4)

d[3, k] = δ
π,PM
31k d[2, k] = δ

π,MAP
31k d[1, k] = δML

31k

k = 1, 2

(θ311, θ312) Beta(16, 4)

N = 10000

Mean d[i, k] =
1

N

N
∑

r=1

d[i, k, r],

STD d[i, k] =

(

1

N − 1

N
∑

r=1

(d[i, k, r]−Mean d[i, 1])2
)

1

2

,

KLD d[i] =
1

N

N
∑

r=1

(θ311 log2(θ311/d[i, 1, r])

+ θ312 log2(θ312/d[i, 2, r])

d[i, k, r] k = 1, 2 i = 1, . . . , 3

r d[i, k] r = 1, . . . , N

m θ311

∗
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K2

K2
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K2

BIC K2

m = 25
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