
α1, ..., αn

f F

j

j αj+1
αj+1f
1−F

n− j

F1 = F2 = α1 = α2 = ... = αn = 1

... = Fn

1 6 i < n Y
(i)
j

Fi 1 6 j 6 n − i + 1

F1, ..., Fn

F−11 (1) ≤ ... ≤ F−1n (1)

X
(1)
j = Y

(1)
j , 1 6 j 6 n,

X
(1)
∗ = min{X

(1)
1 , ..., X(1)

n },

2 6 i 6 n

X
(i)
j = F−1

i (Fi(Y
(i)
j )(1− Fi(X

(i−1)
∗ )) + Fi(X

(i−1)
∗ )),

X
(i)
∗ = min{X

(i)
j , 1 ≤ j ≤ n− i+ 1},

k

n

n n k

k k

n k

αj

F1, ..., Fn

Fj = 1− (1− F )
αj ,
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q

jq j1

x(j1) ≤ ... ≤ x(jq)

X
(j1)
∗ ≤ ... ≤ X

(jq)
∗ , 1 < j1 < ... < jq < n,

q p + 1

n − q p

X
(p+1)
∗ ≤ X

(p+2)
∗ ≤ ... ≤ X

(q)
∗ ,

p = 0

X
(1)
∗ ≤ X

(2)
∗ ... ≤ X

(q)
∗

Exp(µ, σi)

i qi

1 ≤ i ≤ s

σ1, ..., σs µ

µ = x
(ji0)
i ≤ x

(ji1)
i ≤ ... ≤ x

(jiqi )

i ,

ji0 = 0 < ji1 < ... < jiqi ≤ ni, 1 ≤ i ≤ s,

X
(jik)
∗i

1 ≤ i ≤ s 1 ≤ k ≤ qi

X
(1)
∗ , ..., X

(n)
∗

X
(i)
1

X
(i−1)
∗ Y

(i)
1 1 ≤ i ≤ n

P
(
X
(i)
1 ≤ t

∣∣∣X(i−1)
∗ = s

)
=P

(
Fi(Y

(i)
1 ) ≤

Fi(t)− Fi(s)

1− Fi(s)

)

=
Fi(t)− Fi(s)

1− Fi(s)
= Gi(t |s ).

i

Gi(t|s) X
(i)
1 , ..., X

(i)
n−i+1

X
(i)
∗ = min{X

(i)
j , 1 ≤ j ≤ n− i+ 1},

Gi(t |s )

P (X
(r)
∗ > t

∣∣∣X(r−1)
∗ =s)= (P (X

(r)
1 > t

∣∣∣X(r−1)
∗ =s))

n−r+1

= (
1− Fr(t)

1− Fr(s)
)
n−r+1

,

P (X
(r)
∗ < t

∣∣∣X(r−1)
∗ = s) = 1− (

1− Fr(t)

1− Fr(s)
)
n−r+1

.

t

f
X

(r)
∗
|X

(r−1)
∗

(t|s) = (n− r + 1)
fr(t)

1− Fr(s)

× (
1− Fr(t)

1− Fr(s)
)
n−r

.

X
(1)
∗ , ..., X

(r)
∗

f
X

(1)
∗

,...,X
(r)
∗

(x1, ..., xr) =

n!

(n− r)!

r∏

i=1

(
1− Fi(xi)

1− Fi(xi−1)
)
n−i

fi(xi)

1− Fi(xi−1)
.

F (xi) = 1 − e−xi

Fi(xi) = 1 − (1− F (xi))
αi

X
(1)
∗ , ..., X

(n)
∗

f
X

(1)
∗

,...,X
(n)
∗

(x1, ..., xn) = n!
n∏

i=1

αie
−(xi−xi−1)(n−i+1)αi .

 [
 D

ow
nl

oa
de

d 
fr

om
 a

nd
is

he
ye

am
ar

i.i
rs

ta
t.i

r 
on

 2
02

5-
08

-1
1 

] 

                             2 / 14

http://andisheyeamari.irstat.ir/article-1-266-en.html


σ σ1 = ... = σs = σ

σ

X∗i = (X
(ji1)
∗i , ..., X

(jiqi )

∗i ), i = 1, ..., s,

x∗i = (x
(ji1)
∗i , ..., x

(jiqi )

∗i ), i = 1, ..., s,

X = (X∗1, ...,X∗s),

x = (x1, ...,xs),

K = {k = (k11, ..., ksqs)|kip ∈ {ji,p−1 + 1, ..., jip},

1 ≤ p ≤ qi, 1 ≤ i ≤ s},

Ψ(k) =
s∏

i=1

qi∏

p=1

a
(ji,p−1)
kip

(jip), Q =
s∑

i=1

qi,

Vk =

s∑

i=1

qi∑

p=1

V
p
ikip

, V
p
ikip

= γik(x
(jip)
i − x

(ji,p−1)
i ),

πΣ(σ) ∝ σ−(b+1) e−
a
σ , σ > 0, a > 0, b > 0.

W
(1)
∗i =

γi1

σi
(X

(1)
∗i − µ), 1 ≤ i ≤ s,

W
(j)
∗i =

γij

σi
(X

(j)
∗ −X

(j−1)
∗ ), 2 6 j 6 ni,

γij = αij(ni−j+1)

1

X
(j1)
∗ ≤ ... ≤ X

jq
∗ , 1 ≤ j1 < j2 < ... < jq ≤ n,

Exp(µ, σ)

fX∗(x)=σ−q

( q
∏

p=1

jp
∏

k=jp−1+1

γk

)

×

q
∏

p=1

( jp
∑

k=jp−1+1

a
(jp−1)

k (jp) exp(
−γk
σ

(xjp − x
jp−1)

)

,

x∗ = (x
(j1)
∗ , ..., x

jq
∗ ) X∗ = (X

(j1)
∗ , ..., X

jq
∗ )

j0 = 0 µ = X
(j0)
∗ ≤ X

(j1)
∗ ≤ ... ≤ X

jq
∗

a
(jp−1)
k (jp) =

jp∏

l=jp−1+1
l 6=k

1

γl − γk
,

jp−1 + 1 ≤ k ≤ jp, 1 ≤ p ≤ q

X∗ = x∗ X
jr
∗

f
X

(jr)
∗

|X∗
(x(jr)|x) =

1

σ

( jr
∏

k=jq+1

γk

) jr
∑

j=jq+1

a
jq
j (jr) exp

(

−γj
σ

(x(jr) − x
(jq))

)

,

x(jq) < x(jr) jq < jr [
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k = 2 k = 1 k = 0

( r∏

j=1

γj

) r∑

j=1

1

γj
aj(r) = 1,

( r∏

j=1

γj

) r∑

j=1

1

γj2
aj(r) =

r∑

j=1

1

γj
,

( r∏

j=1

γj

) r∑

j=1

1

γj3
aj(r) =

r∑

j=1

1

γj2
+

r∑

l,k=1
l<k

1

γlγk
.

ri

X̂
(ri)
∗i = x

(jiq
i
)

i + σ̂

ri∑

k=jiqi+1

1

γik
, jiqi < ri,

σ̂

Σi σ1, ..., σs

πΣi
(σi) ∝ σ

−(bi+1)
i exp

(
−
ai

σi

)
,

πΣ(σ) =
s∏

i=1

πΣi
(σi), σ = (σ1, ..., σs),

Ki = {k = (ki1, ..., kiqi)|kip ∈ {ji,p−1 + 1, ..., jip},

1 ≤ p ≤ qi},

Vik =

qi∑

p=1

V p
ikip

,

Ψi(k) =

qi∏

p=1

a(ji,p−1)
kip

(jip),

ci =
∑

k∈Ki

Ψi(k)
Γ(qi + bi)

(Vik + ai)
qi+bi

,

σi k

qi + bi − k > 0

σ̂i = ci
−1

∑

k∈Ki

Ψi(k)
Γ(qi + bi − 1)

(Vik + ai)
qi+bi−1

,

Q + b > 0 x Σ

πΣ|X(σ|x) = c−1 σ−(Q+b+1)
∑

k∈K

Ψ(k) e−
Vk+a

σ ,

c

c = Γ(Q+ b)
∑

k∈K

Ψ(k) (Vk + a)
−(Q+b)

.

σ k

Q+ b− 1 > 0

σ̂ = E(Σ|X = x)

= c−1
∑

k∈K

Ψ(k)
Γ(Q+ b− 1)

(Vk + a)
Q+b−1

,

σ̂k = E(Σ
k |X = x)

= c−1
∑

k∈K

Ψ(k)
Γ(Q+ b− k)

(Vk + a)
Q+b−k

.

σ

V ar(σ̂|X = x) = E(Σ2|X = x)− E2(Σ|X = x)

= (σ̂2 − σ̂2).

x
(ji1)
i ≤ x

(ji2)
i ≤ ... ≤ x

(jiq
i
)

i , i = 1, ..., s,

x
(jiq

i
+1)

i ≤ ... ≤ x
(ni)
i

s∑
i=1

qi

i

l, j ∈ {1, ..., r} r > 2 r ∈ N

γl 6= γj l 6= j γl > 0

aj(r) = a
(0)
j (r) =

r∏

l=1
l 6=j

1

γl − γj
, r ≥ 2, aj(1) = 1.

lr = 0 k = l0 ∈ N

( r
∏

j=1

γj

) r
∑

j=1

1

γjk+1
aj(r) =

k
∑

l1=0

l1
∑

l2=0

...

lr−2
∑

lr−1

(

γ1
lr−1 ...γr−1

l1−l2 γr
k−l1

)−1

,
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µ σ

σ̂ = E(Σ|X = x) =

1

(Q+ b− 2)

{

∑

k∈K

Ψ(k)

(

(Hk(M0))
−(Q+b−2)− (Hk(0))

−(Q+b−2)

)

/

∑

k∈K

Ψ(k)

(

(Hk(M0))
−(Q+b−1)− (Hk(0))

−(Q+b−1)

)}

µ̂ = E(∆|X = x) =

{

M0

∑

k∈K

Ψ(k) (Hk(M0))
−(Q+b−1)

/

∑

k∈K

Ψ(k)

(

(Hk(M0))
−(Q+b−1)− (Hk(0))

−(Q+b−1)

)}

−σ̂ (c+
s
∑

i=1

γi1)

−1

.

I[µ,∞)(z)I[0,M ](µ) = I{µ≤z}I{µ≤M} = I{µ≤M0} = I[0,M0](µ),

Vk(t, µ) = γij(t− x
(jiq

i
)

i ) +Hk(µ), t ∈ [x
(ri)
i ,∞).

X X
(ri)
∗i

f
X

(ri)
∗i

|X
(x

ri
i |x) = c−1

( ri
∏

k=jiq
i
+1

γik

) ri
∑

k=jiq
i
+1

a
jiq

i
l

(ri)

∑

k∈K

Ψ(k)
Γ(Q+ b)

c+
s
∑

i=1
γi1

(

(Vk(x
(ri)
i ,M0))

−(Q+b)

− (Vk(x
(ri)
i , 0))

−(Q+b)
)

,

X
(ri)
∗i X

(ri)
∗i

X = x

X̂
(ri)
∗i = x

(jiq
i
)

i + σ̂

ri∑

k=jiq
i
+1

1

γik
, jiqi < ri.

σ1, ..., σs

σ1, ..., σs > 0 µ σ

π(Σ,∆)(σ, µ) ∝
s∏

i=1

(
σi
−(bi+1) exp

(
−
ai − ciµ

σi

))
,

σ̂k
i = ci

−1
∑

k∈Ki

Ψi(k)
Γ(qi + bi − k)

(Vik + ai)
qi+bi−k

.

ri

X̂
(ri)
∗i = x

(jiqi )

i + σ̂i

ri∑

k=jiqi+1

1

γik
, jiqi < ri.

σ µ σ1 = ... = σs = σ

π(Σ,∆)(σ, µ) ∝ σ−(b+1) exp

(
−
a− cµ

σ

)
I[0,M ](µ),

z = min{x
(j11)
1 , ..., x(js1)s },

M0 = min{z,M},

x
(ji0)
i = 0, 1 ≤ i ≤ s,

V
p
ik = γik(x

(jip)
i − x

(ji,p−1)
i ),

Vk =
s∑

i=1

qi∑

p=1

V
p
ikip

,

c 6= −
s∑

i=1

γi1,

Hk(t) = Vk + a− t(c+
s∑

i=1

γi1),

Hk(M0) > 0, k ∈ K,

X = (X∗1, ...,X∗s) (Σ,∆)

Q+ b− 1 > 0

π(Σ,∆)|X((σ, µ)|x) = c−1
∑

k∈k

Ψ(k)

σ−(Q+b−1) exp

(
−
Hk(µ)

σ

)
I[0,M0](µ),

c x = (x1, ...xs)

c =
Γ(Q+ b− 1)

c+
s∑

i=1

γi1

∑

k∈K

Ψ(k)

(
(Hk(M0))

−(Q+b−1)
− (Hk(0))

−(Q+b−1)

)
. [

 D
ow

nl
oa

de
d 

fr
om

 a
nd

is
he

ye
am

ar
i.i

rs
ta

t.i
r 

on
 2

02
5-

08
-1

1 
] 

                             5 / 14

http://andisheyeamari.irstat.ir/article-1-266-en.html


Exp(µ, σi)

E(X
(jik)
∗i ) = µ+ σi

jik∑

j=1

1

γij
=: µ+ σiS1(i, k),

V ar(X
(jik)
∗i ) = σ2i

jik∑

j=1

1

γ2ij
=: σ2i S2(i, k),

Cov(X
(jik)
∗i , X

(jil)
∗i ) = V ar(X

(jik)
∗i ) =: σ2i S2(i, k).

Xi = (X
(ji1)
∗i , ..., X

(jir
i
)

∗i )t, 1 ≤ i ≤ s,

X = (Xt
1, ...,X

t
s)

t,

1ri = (1, ..., 1)t ∈ ℜri , i = 1, ..., s,

1 = (1, ..., 1)t ∈ ℜ

s∑

i=1
ri
,

Xiv = Xi − v1ri , v ∈ ℜ,

Xv = X − v1, v ∈ ℜ,

αi = (S1(i, 1), ..., S1(i, ri))
t, 1 ≤ i ≤ s,

α = (αt
1, ..., α

t
s)

t ∈ ℜ

s∑

i=1
ri
,

Bi = (S2(i, k, l))1≤k,l≤ri , 1 ≤ i ≤ s,

B = diag(B1, ..., Bs),∈ ℜ

s∑

i=1
ri×

s∑

i=1
ri
.

σ1 = ... = σs = σ

σ

σ∗ =
αtB−1Xµ

αtB−1α
,

V ar(σ∗) =
σ2

αtB−1α
.

σ

σ∗ =

(
s∑

i=1

ri∑

k=1

s21(i, k)

s2(i, k)

)−1 s∑

i=1

ri∑

k=1

s1(i, k)

s2(i, k)

(X
(jik)
∗i −X

(ji,k−1)
∗i ), X

(ji0)
∗i = µ

s1(i, k) = S1(i, k)− S1(i, k − 1)

=

jik∑

j=1

1

γij
−

ji,k−1∑

j=1

1

γij
,

Vi,k = Hi,k(t) = Vi,k+ai− t(ci+γi1)

X = (X∗1, ...X∗s) (Σ,∆)
qi∑

p=1
V

p
ikip

π(Σ,∆)|X((σ, µ)|x) ∝

∑

k∈K

Ψ(k)

( s∏

i=1

σi
−(qi+bi+1) exp

(
−
Hi,k(µ)

σi

))
I[0,M0](µ).

π(Σ,∆)|X((σ, µ)|x) =

c−1
∑

k∈K

Ψ(k)

( s∏

i=1

σi
−(qi+bi+1) exp(−

Hi,k(µ)

σi
)

)
I[0,M0](µ),

c

c =
∑

k∈K

Ψ(k)

M0
∫

0

s
∏

i=1

Γ(qi + bi)

(Hi,k(µ))
qi+bi

dµ.

µ σi

BLUE

B ∈ ℜn×n

X k + 1 A ∈ ℜn×(k+1)

∆ ∈ ℜn

X = Aβ + σ,

Cov(X) = Cov(∆) = E(X) = Aβ

β E(∆) = 0 B

β̂ = (AtB−1A)
−1

AtB−1X

i jk X
(jik)
∗i [
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MLE

α = 1

Y1 = X(j1), Y2 = X(j2), ..., Yq = X(jq).

f(x) =
1

σ
e−x/σ,

F (x) = 1− e−x/σ,

L = const× σ−q

[

1− e−
y1
σ

]j1−1

e

[

q∑

i=1
yi+(n−jq)yq

]

σ ×

q−1
∏

i=1

[

e−
yi
σ − e−

yi+1
σ

]ji+1−ji−1

.

σ

qσ + (j1 − 1)y1
e−

y1
σ

[1− e−
y1
σ ]
−

q
∑

i=1

yi − (n− jq)yq

−

q−1
∑

i=1

[ji+1 − ji − 1]







−yi+1e
−

yi+1
σ + yie

−
yi
σ

−e−
yi+1

σ + e−
yi
σ







= 0.

σ

−yi+1e
−

yi+1
σ + yie

−
yi
σ

−e−
yi+1

σ + e−
yi
σ

≈ γi + δi
yi

σ
+ (1− δi)

yi+1

σ
,

p∗i =
ji

n+ 1
, q∗i = 1− p∗i ,

δi =
q∗i

q∗i − q∗i+1

−
q∗i q

∗
i+1

(q∗i − q∗i+1)
2
log(

q∗i
q∗i+1

),

γi =
q∗i+1 log q

∗
i+1 − q∗i log q

∗
i

q∗i − q∗i+1

+

δi log q
∗
i + (1− δi) log q

∗
i+1,

s2(i, k) = S2(i, k)− S2(i, k − 1)

=

jik
∑

j=ji,k−1+1

1

γ2
ij

,

ji0 = 0, i = 1, ..., s S1(i, 0) = S2(i, 0) = 0

σ1 = ... = σs = σ

σ µ

µ∗ =

(
αtB−1α1

tB−1 −αtB−11αtB−1

(αtB−1α)(1tB−11)− (αtB−11)2

)
X,

σ∗ =

(
1
tB−11αtB−1 − 1

tB−1α1
tB−1

(αtB−1α)(1tB−11)− (αtB−11)2

)
X.

V ar(µ∗) =
σ2(αtB−1

α)

(αtB−1α)(1tB−11)− (αtB−11)2
,

V ar(σ∗) =
σ2(1tB−1

1)

(αtB−1α)(1tB−11)− (αtB−11)2
,

Cov(µ∗, σ∗) =
−σ2(αtB−1

1)

(αtB−1α)(1tB−11)− (αtB−11)2
.

µ σ

σ∗ =
1

K

[

( s
∑

i=1

1

s2(i, 1)

)( s
∑

i=1

ri
∑

k=1

s1(i, k)

s2(i, k)

(X
(jik)
∗i −X

(ji,k−1)

∗i )

)

−

( s
∑

i=1

s1(i, 1)

s2(i, 1)

)( s
∑

i=1

1

s2(i, 1)
X

(j1)
∗i

)

]

,

µ∗ =
1

s
∑

i=1

1
s2(i,1)

( s
∑

i=1

1

s2(i, 1)
X

(j1)
∗i

−
s
∑

i=1

s1(i, 1)

s2(i, 1)
σ∗
)

,

K =

( s
∑

i=1

ri
∑

k=1

s21(i, k)

s2(i, k)

)( s
∑

i=1

1

s2(i, 1)

)

−

( s
∑

i=1

s1(i, 1)

s2(i, 1)

)2

> 0.

V ar(σ∗) = σ2

s∑
i=1

1
s2(i,1)

K
,

V ar(µ∗) = σ2

s∑
i=1

ri∑
k=1

s21(i,k)
s2(i,k)

K
,

Cov(µ∗, σ∗) = −σ2

s∑
i=1

s1(i,1)
s2(i,1)

K
. [
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σ = 20

10

α = 1

x1 = 0.961, x2 = 0.990, x3 = 1.565, x4 = 2.031

x5 = 2.204, x6 = 2.340, x7 = 3.642, x8 = 6.008

x9 = 6.538, x10 = 7.145, x11 = −, x12 = −,

x13 = −, x14 = 11.937, x15 = 15.433, x16 = 18.234,

x17 = 18.307, x18 = 22.096, x19 = −, x20 = −,

x21 = −, x22 = 28.799, x23 = 30.692, x24 = 30.737,

x25 = 33.702, x26 = 34.245, x27 = −, x28 = −,

x29 = −, x30 = −,

σ∗ = 19.9426 σ

σ

σ̄ = 19.9712

b a

se(σ̂) =
√
V ar(σ̂|X = x) =

√
(σ̂2 − σ̂2)

σ̂ b = 1 a = 1

b = 2 a = 0

σ

σ̄ =

{ q
∑

i=1

yi +

q−1
∑

i=0

[ji+1 − ji − 1]

δiyi +(1− δi)yi+1 +(n− jq)yq

}/{

q−
q−1
∑

i=0
[ji+1 − ji − 1]γi

}

.

f(x) =
1

σ
e−

(x−µ)
σ , x ≥ µ, σ > 0,

F (x) = 1− e−
(x−µ)

σ , x ≥ µ, σ > 0,

L = const× σ−q[1− e−
y1−µ

σ ]j1−1

e
µ
σ
(n−j1+1)e−

[
q∑

i=1
yi+(n−jq)yq ]

σ

×

q−1∏

i=1

[
e−

yi
σ − e−

yi+1
σ

]ji+1−ji−1

.

µ j1 = 1

µ

µ̄ = y1 = x(j1) = x(1),

j1 > 1

∂ logL

∂µ
=

1

σ

[

(n− j1 + 1)− (j1 − 1)
e−

(y1−µ)
σ

1− e−
(y1−µ)

σ

]

= 0,

µ

µ̄ = y1 + σ̄ log

[

n− j1 + 1

n

]

.

σ

∂ logL

∂σ
=
−1

σ2

[

qσ + (n− j1 + 1)y1 −

{

q
∑

i=1

yi + (n− jq)yq

}

−

q−1
∑

i=1

(ji+1 − ji − 1)







yie
−

yi
σ − yi+1e

−
yi+1

σ

e−
yi
σ − e−

yi+1
σ







]

= 0.

σ

σ

σ̄ =

{ q
∑

i=1

yi + (n− jq)yq +

q−1
∑

i=1

(ji+1 − ji − 1)(δiyi +

(1− δi)yi+1)− (n− j1 + 1)y1

}/{

q −

q−1
∑

i=1

(ji+1 − ji − 1)γi

}

.
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30

10 σ = 30

30 29 28 27 21 20 19 13 12 11

α = 1.3

1500 1000 150 se(σ̂) σ̂

s̄e(σ̂) ¯̂σ

1 ≤ l ≤ r

X
(l)
∗ = µ+

l
∑

k=1

σ

γk
W

(k)
∗ = µ+

l
∑

k=1

U
(k)
∗ .

q = 1

f
X

(j1)
∗

(xj1 ) = f
µ+

j1∑

k=1
U

(k)
∗

(x(j1))

= f j1∑

k=1
U

(k)
∗

(x(j1) − µ),

fX∗
(x) =

q∏

p=1

f jp∑

k=jp−1

U
(k)
∗

(x(jp) − x(jp−1)).

5 2

σ = 100

i

n − i

α

α1 = 1, α2 = 1.2, α3 = 1.4, α4 = 1.6, α5 = 1.8.

se(σ̂) σ̂

x
(1)
1 = −, x

(2)
1 = −, x

(3)
1 = 15.085,

x
(4)
1 = 65.409,

x
(1)
2 = 36.982, x

(2)
2 = 48.055, x

(3)
2 = −,

x42 = 197.405,

x
(1)
3 = 29.657, x

(2)
3 = 56.983,

x
(3)
3 = 59.664, x

(4)
3 = 75.441,

x
(1)
4 = 4.738, x

(2)
4 = 33.625,

x
(3)
4 = 48.066, x

(4)
4 = 89.756

x
(1)
5 = 19.128, x

(2)
5 = 58.242, x

(3)
5 = 73.406.

σ̂ b = 2 a = 0
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c =
∑

k∈K





s
∏

i=1

qi
∏

p=1

a
(ji,p−1)

kip
(jip)





×

∞
∫

0

σ−(Q+b+1) e−
a
σ e−

s∑

i=1

q
i∑

p=1
V

p
ikip

σ dσ

=
∑

K∈K

Ψ(k)

∞
∫

0

σ−(Q+b+1) e−
Vk+a

σ dσ

=
∑

k∈K

Ψ(k)
Γ(Q+ b)

(Vk + a)Q+b
.

X Σ

πΣ|X(σ|x) = c−1 σ−(Q+b+1)
∑

k∈K

Ψ(k) e−
Vk+a

σ .

X1, ...Xr
iid
∼ Exp(0, 1)

Y =
r∑

j=1

Yj =
r∑

j=1

1
γj
Xj

fY (t) =

( r
∏

j=1

γj

) r
∑

j=1

aj(r) e
−γjt, t ≥ 0.

Y k

E(Y k) =

(
r∏

j=1

γj

)
r∑

j=1

aj(r)
Γ(k+1)
γj

k+1

E(Y k) = k!

k
∑

l1=0

l1
∑

l2=0

...

lr−2
∑

lr−1=0

(

γ1
lr−1 ...γr−1

l1−l2γr
k−l1

)−1

.

r = 2 Y2 Y1 E(Yi
k) = k!

/
γi

k

E((Y1 + Y2)
k
) = k!

k∑

l1=0

(γ1
l1 γ2

k−l1)
−1

.

r + 1 r

E(Y k) = E

(r+1∑

j=1

Yj

)k

= E

( r∑

j=1

Yj + Yr+1

)k

= k!

k∑

l0=0

l0∑

l1=0

...

lr−2∑

lr−1=0

(
γ1

lr−1 ...γr−1
l1−l2γr

l0−l1γr+1
k−l0

)−1
.

jp∑
k=jp−1+1

U
(k)
∗ =

jp∑
k=jp−1+1

σ
γk
W

(k)
∗

F jp∑

k=jp−1+1

σ
γk

W
(k)
∗

(t) = 1−

( jp∏

k=jp−1+1

γk

)

jp∑

k=jp−1+1

1

γk
a
(jp−1)
k (jp) e

−γk
σ

t, t ≥ 0

f jp∑

k=jp−1+1

σ
γk

W
(k)
∗

(t) =

( jp
∏

k=jp−1+1

γk

)

σ−1

jp
∑

k=jp−1+1

a
(jp−1)

k
(jp) e

−γk
σ

t, t ≥ 0,

fX∗ (x)

q
∏

p=1

f jp∑

k=jp−1+1

σ
γk

W
(k)
∗

(x(jp) − x(jp−1)) =

σ−q

( q
∏

p=1

jp
∏

k=jp−1+1

γk

) q
∏

p=1

( jp
∑

k=jp−1+1

a
(jp−1)

k
(jp)

exp

(

−γk

σ
(x(jp) − x(jp−1))

)

)

.

πΣ|X(σ|x) =

s
∏

i=1
fX

∗i|Σ
(xi|σ)× πΣ(σ)

∞
∫

0

s
∏

i=1
fX

∗i|Σ
(xi|σ)× πΣ(σ)dσ

= c−1 σ−(Q+b+1) e−
a
σ

s
∏

i=1

qi
∏

p=1

×

jip
∑

k=ji,p−1+1

a
(ji,p−1)

k
(jip) e

−
V

p
ik
σ ,

c =

∞
∫

0

σ−(Q+b+1) e−
a
σ

s
∏

i=1

qi
∏

p=1

jip
∑

k=ji,p−1+1

a
(ji,p−1)

k
(jip) e

−
V

p
ik
σ dσ.

s
∏

i=1

qi
∏

p=1

zip
∑

k=1

xipk =
∑

k=(k11,...,ksqs
),

kνϕ∈(1,...,zνϕ),
1≤ϕ≤qν ,1≤ν≤s

s
∏

i=1

qi
∏

p=1

xipkip
,
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X̂
(ri)
∗i

X̂
(ri)
∗i

X̂
(ri)
∗i = x

(jiq
i
)

i + σ̂

ri∑

k=jiqi+1

1

γik
, jiqi < ri,

Xµ = ασ +∆,

E(Xµ) = σα,

Cov(Xµ) = Cov(∆) = σ2B,

k = 0, n =
s
∑

i=1

ri,

∆ σ α

X = (α,1)







σ

µ






+∆,

E(X) = (α,1)







σ

µ






,

Cov(X) = Cov() = σ2B,

k = 1, n =
s
∑

i=1

ri,




σ

µ


 (α,1)

lr−1 → lr l0 → l1

k!

Σ = σ X∗1, ...,X∗s

f
X

(ri)
∗i

|X,Σ
(t|(x, σ)) = f

X
(ri)
∗i

|X
∗i,Σ

(t|(xi, σ)),

σ > 0 t > x
(jiqi )

i

X = x X
(ri)
∗i

f
X

(ri)
∗i

|X
(x

(ri)
i |x)

=

∞
∫

0

f
(X

(ri)
∗i

,Σ)|X
((x

(ri)
i , σ)|x)dσ

=

∞
∫

0

f
X

(ri)
∗i

|(X
∗i,Σ)

(x
(ri)
i |xi, σ)

×πΣ|X(σ|x)dσ

= c−1

( ri
∏

k=jiq
i
+1

γik

)( ri
∑

k=jiqi
+1

a
(jiqi )

k
(ri)

∑

k∈K

Ψ(k)
Γ(Q+ b+ 1)

(V
(k)
ik

(x
(ri)
i ))

Q+b+1

)

,

V
(k)
ik (x

(ri)
i ) = γik(x

(ri)−x(jiqi ))+Vk+a

X = x X
(ri)
∗i X

(ri)
∗i X̂

(ri)
∗i

X̂
(ri)
∗i = E(X

(ri)
∗i |X = x) =

∞
∫

x
(jiqi

)

i

tf
X

(ri)
∗i

|X
(t|x)dt =

c−1

( ri
∏

k=jiqi
+1

γik

)( ri
∑

k=jiqi+1

a
(jiqi)
k

(ri)

∑

k∈K

Ψ(k)

∞
∫

x
(jiqi

)

i

t
Γ(Q+ b+ 1)

(V k
ik
(t))

Q+b+1
dt

)

,

∞∫

x
(jiqi

)

i

t (V k
ik(t))

−(Q+b+1)
dt =

(Vk+a)−(Q+b)

(Q+b)

[
x
(jiq

i
)

i

γik
+ Vk+a

γik
2(Q+b−1)

]
.
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b a

a b σ̂ se(σ̂)

0 −1 21.6139 4.5067

1 0 20.7881 4.2466

0 0 20.7485 4.2368

1 1 19.9873 4.0007

0 1 19.9488 3.9933

1 2 19.2458 3.7776

0 2 19.2088 3.7717

b a

a b σ̂ se(σ̂) X̂
(4)
∗5

0 −1 120.6417 30.2652 111.1065

1 0 113.9492 27.7374 109.0151

0 0 113.8932 27.7239 108.9976

1 1 107.9084 25.5312 107.1274

0 1 107.8554 25.5188 107.1108

1 2 102.4721 23.6022 105.4285

0 2 102.4217 23.5908 105.4128
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b a

k = 150 a b ¯̂σ s̄e(σ̂)

1 0 31.5958 6.4565

0 0 31.5557 6.4484

1 1 30.3779 6.0825

0 1 30.3393 6.0748

1 2 29.2502 5.74326

0 2 28.9091 5.7359

k = 1000 a b ¯̂σ s̄e(σ̂)

1 0 31.2674 6.3894

0 0 31.2273 6.3812

1 1 30.0622 6.0193

0 1 30.0236 6.0116

1 2 28.9462 5.6835

0 2 28.9091 5.6762

k = 1500 a b ¯̂σ s̄e(σ̂)

1 0 31.3598 6.4081

0 0 31.3197 6.3999

1 1 30.1511 6.0369

0 1 30.1125 6.0292

1 2 29.0319 5.7001

0 2 28.9948 5.6929
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