
α ∈ ( , ] (fPp)

fPp α fPp

α

µ

α ∈ ( , ]

(fPp) α =

(fPp)
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t

∂ϕ(u, t)

∂t
=

∞
∑

n=

un ∂Pn(t)

∂t

= −µP (t) +
∞
∑

n=

unµ [Pn− (t)− Pn(t)]

= µu

∞
∑

n=

un− Pn− (t)− µ

∞
∑

n=

unPn(t)

= µ(u− )ϕ(u, t).

ϕ(u, t) = exp(µ(u− )t).

Pn(t) =
n!

∂nϕ(u, t)

∂un

∣

∣

∣

∣

u=

=
e−µt(µt)n

n!
, n = , , · · · .

F (t) = P (T ≤ t) = P (N(t) > ) = − e−µt.

f(t) =
dF (t)

dt
= µe−µt, t > .

Fn(t) n

Fn(t) = P (Sn ≤ t) = P (N(t) ≥ n) =
∞
∑

k=n

e−µt(µt)k

k!
,

n Sn = T + · · · + Tn

fn(t) n

fn(t) =
dFn(t)

dt

= e−µt
∞
∑

k=n

µ(µt)k−

(k − )!
− e−µt

∞
∑

k=n

µ(µt)k

k!

=
µe−µt(µt)n−

(n− )!
.

fn(t)

{N(t), t ≥ }

µ > µ

N( ) =

t

t > s µt

P (N(t+ s)−N(s) = n) =
e−µt(µt)n

n!
, n = , , · · · .

Pn(t) := P (N(t) = n)

Pn( ) = P ( ) = t =

δn,a Pn( ) = δn, n 6=

δn,a :=











, n 6= a

, n = a

µ

dPn(t)

dt
=











−µP (t), n =

µ[Pn− (t)− Pn(t)], n ≥

dPn(t)

dt
= µ[Pn− (t)− Pn(t)] + δn, δ(t),

δ(t) P− (t) = ≤ t < ∞

δ(t) := t−

Γ( ) , t ≥

Pn(t)

ϕ(u, t) =
∞
∑

n=

unPn(t).
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δ(t)

δ(t) α =

Dα
t P

α
n (t) = µ[Pα

n− (t)− Pα
n (t)] + δn,

t−α

Γ( − α)
,

Pα
n (t)

n un

Dα
t ϕα(u, t) = Dα

t

∞
∑

n=

unPα
n (t)

=

∞
∑

n=

unµ[Pα
n− (t)− Pα

n (t)]

+

∞
∑

n=

δn,
unt−α

Γ( − α)

= µu

∞
∑

n=

un− Pα
n− (t)

−µ
∞
∑

n=

unPα
n (t) +

t−α

Γ( − α)

= µ(u− )ϕα(u, t) +
t−α

Γ( − α)
.

Dα
t ϕα(u, t) = µ(u− )ϕα(u, t) +

t−α

Γ( − α)
.

L { Dα
t ϕα(u, t), s} = L {µ(u− )ϕα(u, t) + δ(t), s}

sαϕ̃α(u, s) = µ(u− )ϕ̃α(u, s) + sα− ,

ϕα ϕ̃α

ϕ̃α(u, s) =
sα−

sα − µ(u− )
.

s Eα(t) =
∑∞

k=
zk

Γ(αk+ )

L {Eα(±µt
α), s} =

sα−

sα ∓ µ
, |µ| < sα.

Pα
n (t)

Dα
t f(t) f(t)

Dα
t f(t) = Γ( − α)

d

dt

∫ t

(t− τ)−αf(τ) dτ.

Dα
t P

α
n (t) = µ[Pα

n− (t)− Pα
n (t)] + δn, δ(t),

∑∞
n= Pα

n (t) = Pα
− (t) = ≤ t <∞

Dα
t = Dα

t

∞
∑

n=

Pα
n (t) =

∞
∑

n=

Dα
t P

α
n (t)

=

∞
∑

n=

{

µ[Pα
n− (t)− Pα

n (t)] + δn, δ(t)
}

= µ
∞
∑

n=−

Pα
n (t)− µ

∞
∑

n=

Pα
n (t) + δ(t)

= δ(t).

Dα
t =

Γ( − α)

d

dt

∫ t

(t− τ)−α dτ

=
Γ( − α)

d

dt

∫ t

(u)−α du (u = t− τ)

=
Γ( − α)

d

dt

t −α

− α

=
t−α

Γ( − α)
.

Dα
t =

t−α

Γ( − α)
= δ(t).
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Pα
n (t)

Fα(t) = P (T ≤ t) = P (Nα(t) > )

=

∞
∑

n=

(−µtα)k

Γ(αk + )
= − Eα(−µt

α).

fα(t) =
dFα(t)

dt
= µαtα− E( )

α (−µtα),

= µtα−
∞
∑

k=

(−µtα)k

Γ(α(k + ))
,

= µtα− Eα,α(µt
α),

n = E
( )
α (.)

Eα,β(z) =
∑∞

k=
zk

Γ(αk+β)

β =

fα(t) α =

Fα
n (t) n

Fα
n (t) = P (Nα(t) ≥ n) =

∞
∑

k=n

µntαn

n!
E(n)

α (−µtα),

fα
n (t) n

fα
n (t) =

dFα
n (t)

dt

=
d

dt

∞
∑

k=n

µktαk

k!
E(k)

α (−µtα)

=
∞
∑

k=n

αkµktαk−

k!
E(k)

α (−µtα)

−

∞
∑

k=n

µktαk

k!
µαtα− E(k+ )

α (−µtα)

=
αµntαn−

(n− )!
E(n)

α (−µtα).

fα
n (t)

ϕα(u, t) = Eα(µt
α(u− )).

Pα
n (t) =

n!

∂nϕα(u, t)

∂un

∣

∣

∣

∣

u=

=
n!

∂nEα(µt
α(u− ))

∂un

∣

∣

∣

∣

u=

=
(µtα)n

n!
E(n)

α (−µtα),

n E
(n)
α (z)

E(n)
α (z) =

∞
∑

k=

(k + n)!zk

k!Γ(α(k + n) + )
.

Pα
n (t) z = −µtα

Pα
n (t) =

(µtα)n

n!

∞
∑

k=

(k + n)!(−µtα)k

k!Γ(α(k + n) + )
.

Pα
n (t)

∞
∑

n=

Pα
n (t)

=
∞
∑

n=

(µtα)n

n!

∞
∑

k=

(k + n)!

k!

(−µtα)k

Γ(α(k + n) + )

=

∞
∑

n=

(µtα)n

n!

∞
∑

k=n

k!

(k − n)!

(−µtα)k−n

Γ(αk + )

=
∞
∑

k=

k!

Γ(αk + )

k
∑

n=

(µtα)n(−µtα)k−n

n!(k − n)!

=
∞
∑

k=
Γ(αk + )

k
∑

n=

(

k

n

)

(µtα)n(−µtα)k−n

=

∞
∑

k=

(µtα − µtα)k

Γ(αk + )

=
Γ( )

+
∞
∑

k=

(µtα)k( − )k

Γ(αk + )

= + = .

fα(t)

Fα(t) [
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Mα(s, t) =

∞
∑

x=

e−sxPα
n (t) = Eα(µt

α(e−s − ))

=

∞
∑

k=

[µtα(e−s − )]
k

Γ(kα+ )

E [Nα(t)]
n
= (− )n

∂n

∂sn
Mα(s, t)

∣

∣

∣

∣

s=

.

µNα(t) =
µtα

Γ(α+ )

σNα(t)
=

µtα

Γ(α+ )

×

{

+
µtα

Γ(α+ )

{

α Beta( , α)
α−

−

}}

.

µ =

t α

0 1 2 3 4

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

t

fα
(t

)

α = 0.1

0.2

0.5

0.8

α = 1

α

µ =

< α ≤ α

g(α)(t)

L{g(α), s} =

∫ α

e−stg(α)(t)dt = e−sα .

α

α

α
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∫ ∞

e−µtα/τα

g(α)(τ) dτ

=

∫ ∞ ∞
∑

k=
k!
(−µtα/τα)

k
g(α)(τ) dτ

=
∞
∑

k=

(−µtα)k

k!

∫ ∞

τ−αkg(α)(τ) dτ

=
∞
∑

k=

(−µtα)k

k!

k!

Γ( + αk)

=

∞
∑

k=

(−µtα)
k

Γ( + αk)
Eα(−µt

α).

P (T > t) = − Fα(t) = Eα(−µt
α)

=

∫ ∞

e−µtα/τα

g(α)(τ) dτ.

T

T
d
=
| lnU | /α

µ /α
Sα,

U g(α)(t) Sα

U Sα ( , )

T
′

= | lnU | /α

µ /α Sα

τ = µ | lnu| = −µ ln(u)

P (T
′

> t) = P

(

| lnU | /α

µ /α
Sα > t

)

=

∫

P

(

Sα >
tµ /α

(− ln(u)) /α

)

du

=

∫ ∞

P

(

Sα >
t

τ /α

)

µe−µτ dτ

=

∫ ∞

µe−µτ

∫ ∞

t/τ /α

gα(s) dsdτ

=

∫ ∞

gα(s)

∫ ∞

tα/sα
µe−µτ dτ ds

=

∫ ∞

gα(s)e
−µtα/sα ds

= Eα(−µt
α) = P (T > t).

α

g(α)(t) =
αt /(α− )

π( − α)

×

∫ π

exp
{

−tα/(α− )Q(u)
}

Q(u) du,

Q(u) =

(

sin(αu)

sinu

) /( −α)(
sin(( − α)u)

sin(αu)

)

.

s g(α)(t) g(α)(t)

∫ ∞

tsg(α)(t) dt =











Γ( −s/α)
Γ( −s) , − < s < α

∞, s ≥ α,

α

U U

Sα ( , )

α ∈ ( , ] α

Sα
d
=
sin(απU ) [sin(( − α)πU )]α

−

[sin(πU )]α | lnU |α−
.

α

Eα(−µt
α) =

∞
∑

k=

(−µtα)
k

Γ( + αk)
,

∫ ∞

e−µtα/τα

g(α)(τ) dτ, < α ≤ ,

α g(α)(t)

e−µτα/τα

=
∞
∑

k=
k!
(−µtα/τα)

k
,

α

s = −αk

∫ ∞

t−αkg(α)(τ) dτ =
Γ( − (−αk)/α)

Γ( + αk)

=
k!

Γ( + αk)
,
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σ ,

σ̂ , =
n

n
∑

i=

Nαi(t )Nαi(t )

−
n

n
∑

i=

Nαi(t )
n

n
∑

i=

Nαi(t )

σNα(t )

σ̂Nα(t )
=

n

n
∑

i=

Nαi(t ) −

{

n

n
∑

i=

Nαi(t )

}

σ∆ ,∆ σNα(t )
σ ,

σ̂∆ ,∆ = σ̂ , − σ̂Nα(t )
.

Nα(t)

t → t fPp

α t =

0 50 100 150 200 250 300

0
1
0
0

2
0
0

3
0
0

t

σ
∆

1
∆

2

α = 0.95

α = 0.8

α = 0.7

α = 0.5

α = 0.9999

fPp

t = t = t = t =

{Nα(t )−Nα( )} , {Nα(t )−Nα(t )} ,

{Nα(t )−Nα(t )} , {Nα(t )−Nα(t )} ,

( , ] ( , ]

( , ] ( , ]

T
′ d
= T

Sα T

Sα

U U U

( , )

T
d
=
| lnU |α

µα

sin(απU ) [sin(( − α)πU )]α
−

[sin(πU )]α | lnU |α−

α =

T
d
=
| lnU |

µ
,

/µ T

Nα(t)

Nα(t) = max{n|Sn ≤ t, n = , , . . . },

T , T , . . .

∑n+
i= Sn = Ti > t

∑n
i= Sn = Ti ≤ t

Nα(t) = n.

fPp

(t , t )

( , t ] N(t ) − N(t )

σ∆ ,∆ t < t (t , t ]

σ∆ ,∆ = Cov {Nα(t )−Nα( ), Nα(t )−Nα(t )}

= Cov {Nα(t ), Nα(t )−Nα(t )}

= E [Nα(t )Nα(t )]− E [Nα(t )]E [Nα(t )]

−
(

E
[

Nα(t )
]

− E [Nα(t )]
)

= Cov {Nα(t ), Nα(t )} −Var(Nα(t ))

= σ , − σNα(t )
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α =

fPp

fPp

α =

µ = ,

α =

t=(0,600]

N1(t)

F
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0
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N0.8(t)
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0
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0
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00

α = ,

µ α

α̂ =
π

√

(

σ̂lnT + π /
)

, µ̂ = exp
(

−α̂
[

µ̂lnT + C
])

σ̂lnT =
n

n
∑

i=

(lnTi − µ̂lnT ), µ̂lnT =
n

n
∑

i=

lnTi,

C =

fPp

fPp

T =
| ln(U)| /α

µ /α
S(α),

E[ln(T )] E[ln(T )] [
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