
y x

y x

(FCCA)

p x

q y

v u v = b′x u = a′y
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p

x q y

x y

Cov(y) = Σyy, Cov(x) = Σxx, Cov(y,x) = Σyx.

Σxy Σyx

x y

p× q

Σyx q p

Σyx p× q x y

b a

u = a′y v = b′x

V ar(u) = a′Cov(y)a = a′Σyya,

V ar(v) = b′Cov(x)b = b′Σxxb,

Cov(u, v) = a′Cov(y,x)b = a′yxb.

b a

Corr(u, v) =
a′Σyxb√

a′Σyya
√
b′Σxxb

v u

y x b′x

a′y b′x

y

y

b′x y x

a′y
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syx x y q R

x y (ryx)

y

p >

(yn , ..., ynp, xn , ..., xnq), ...,(y , ..., y p, x , ..., x q)

n

S =




Syy Syx

Sxy Sxx,


 ,

p× p Syy

x q× q Sxx y

p × q Syx

x y

R

x y

b a

v = b′x u = a′y ruv

v u

ruv = Corr(u, v) =
a′Syxb√

(a′Sxxa)(b
′Syyb)

.

r = maxa,b(ruv)

v = b′x u = a′y

p ≤ q

maxa,b Corr(u, v) = r∗,

u = e′Syy
− / y, v = f ′Sxx

− / x.

k = , , . . . , p k

uk = e′kSyy
− / y, vk = f ′kSxx

− / x,

v u

vk uk k

k −

k

k k

R

y

n x

(yi, xi , xi , . . . , xiq)

x , . . . , xq, y

S =




Sy s′yx

syx Sxx


 , R =




r′yx

ryx Rxx


 ,

y s′yx

x Sxx x , . . . , xq

R

y R

R = maxb Corr(y, b′x) x

R =
s′yxS

−

xxsyx

Sy

= r′yxR
−

xxryx, [
 D

ow
nl

oa
de

d 
fr

om
 a

nd
is

he
ye

am
ar

i.i
rs

ta
t.i

r 
on

 2
02

5-
05

-1
6 

] 

                             3 / 11

https://andisheyeamari.irstat.ir/article-1-204-fa.html


R

< u, v >=

∫
u(s)v(s)ds.

Y ∈ Rk X ∈ Rk

Y (.) ∈ L (T ) X(.) ∈ L (T )

(k > ) k

vk(.) uk(.) ρk

ρk = sup
u∈H ,V ar(<u,X>)= ,

Cov(< u,X >,< v, Y >),

v∈H ,V ar(<v,Y >)=

= Cov(< uk, X >,< vk, Y >),

k − (Uk, Vk) k

Uk =< {(Ui, Vi), i = , , . . . , k − }

Hi Vk =< vk, Y > uk, X >

Hi = Rki

Hi = L (Ti)

< x,y >= x′y y x

< X,Y >=
∫
X(t)Y (t)dt Y (.) X(.)

C
/

Y Y C
/

XX

Corr(uk, vk)

k −

p r∗k

r∗ ≥ r∗ ≥ . . . ≥ r∗p

S− /
yy SyxS

−

xxSxyS
− /
yy

p× e , e , . . . , ep

p r∗p , . . . , r∗ , r∗

q × S− /
xx SxyS

−

yySyxS
− /
xx

S− /
xx SxyS

− /
yy ei fi f ,f , . . . ,fp

k, l = , , . . . , p

) V ar(uk) = V ar(vk) = ,

) Cov(uk, vl) = Corr(uk, vl) = , k 6= l,

) Cov(vk, vl) = Corr(vk, vl) = , k 6= l,

) Cov(uk, ul) = Corr(uk, ul) = , k 6= l.

i j xij

i

t ∈ I = [ , T ] xi(t)

X(.) ∈ L (T ) (X,Y )

Y (.) ∈ L (T )

∫
E||Z|| = E[< ZZ >] = E

∫

T

(Z(s)) ds <∞;

Z = X Y,

L (T ) L (T ) T T

T T
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Cov(< u,X >,< v, Y >) =

E{[< u,X > −E(< u,X >)][< v, Y > −E < v, Y >]}

= E{[< u,X − EX >][< v, Y − EY >]}

=< u,CXY v > .

V ar(< u,X >) = < u,CXXu >,

V ar(< v, Y >) = < v,CY Y v > .

k

ρk = sup
u∈L (T ),<u,CXXu>= ,

< u,CY Xv >

v∈L (T ),<v,CY Y v>=

= < uk, CY Xvk >,

i = , , . . . , k− (Ui, Vi) (Uk, Vk) k >

n (Xi, Yi), i = , , . . . , n

ĈXXu(s) =

∫

T

ĉXX(s, t)u(t)dt, u ∈ L (T ),

ĈXY u(s) =

∫

T

ĉXY (s, t)u(t)dt, u ∈ L (T ), s ∈ T ,

ĈY Y u(s) =

∫

T

ĉY Y (s, t)u(t)dt, u ∈ L (T ).

L [ , T ] L [ , T ]

C
/

Y Y C
/

XX

ρk

R = C
− /
XX CXY C

− /
Y Y

Y ∈ L (T ) X ∈ L (T )

cXX(s, t) = Cov{X(s), X(t)}, s, t ∈ T ,

cY Y (s, t) = Cov{Y (s), Y (t)}, s, t ∈ T ,

cXY (s, t) = Cov{X(s), Y (t)}, s ∈ T , t ∈ T .

CXX : L (T ) → L (T )

CXY : L (T ) → L (T ) CY Y : L (T ) → L (T )

CXXu(s) =

∫

T

cXX(s, t)u(t)dt, u ∈ L (T ),

CXY u(s) =

∫

T

cXY (s, t)u(t)dt, u ∈ L (T ), s ∈ T ,

CY Y u(s) =

∫

T

cY Y (s, t)u(t)dt, u ∈ L (T ).

CY Y CXX

CXY [
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C−D

ĉXX(s, t) = Ĉov{X(s), X(t)} =

n−

n∑

i=

{Xi(s)− X̄(s)}{Xi(t)− X̄(t)},

s, t ∈ T ,

ĉY Y (s, t) = Ĉov{Y (s), Y (t)} =

n−

n∑

i=

{Yi(s)− Ȳ (s)}{Yi(t)− Ȳ (t)},

s, t ∈ T ,

ĉXY (s, t) = Ĉov{X(s), Y (t)} =

n−

n∑

i=

{Xi(s)− X̄(s)}{Yi(t)− Ȳ (t)},

s ∈ T , t ∈ T ,

Ȳ (.) X̄(.)

X

Ĉorr
X
(t , t ) =

ĉov
X
(t , t )√

v̂ar
X
(t )v̂ar

X
(t )

,

Y (t) X(t)

r̂XY (t , t ) = Ĉorr{X(t ), Y (t )}

=
Ĉov{X(t ), Y (t )}√

V̂ ar{X(t )}V̂ ar{Y (t )}

.

t

[ , ]
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λ

log (λ)

log (λ)

log (λ) = log (λ)

−

λ
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t =

t = / t = /

t = /

Knee(t ) Hip(t )

t t

t t

t < t < /

/ < t < /

/ < t <

t t

CorrKnee CorrHip

CorrHip

t − t
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< u, ĈXY v >≈

∑

k=

∑

l=

u(
k
)ĈXY (

k
, )v( ).

[u, u] ≈
∑

k=

{
u(

k −
)− u(

k
) + u(

k +
)

}

u( / ) = u( / ) u( ) = u( )

u [u, u] ≈
∫
u′′

v u

v̂α ûα

/ /

/ /

/ / < u, ĈXY v >
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¨
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