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E(yij) = θ f (xi) + θ f (xi) + ...+ θpfp(xi)

= f
T(xi)θ,

f f , f , ..., fp

fi (f , f , ..., fp)
T

n

ri xi

n i = , ..., n

N

ξ =







x ... xn

w ... wn







∑n
i= wi = wi =

ri
N

p× p

ξ

M(ξ) =

n
∑

i=

f(xi)f
T(xi)wi = XTWX,

W = diag{wi} X = (fj(xi))
p,n
j,i=

wi

(X,B)

B

ξ ξ X

λξ +( −λ)ξ ≤ λ ≤

ξ(dx)

M(ξ) =

∫

f(x)fT (x)ξ(dx)

M H

D

yij = ηt(xi, θ) + εij , (i = , ..., n; j = , ..., ri);
n
∑

i=

ri = N,

ηt(x, θ) yij

θ = (θ , ..., θp)
T

x , ..., xn σ εij
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λφ(M ) + ( − λ)φ(M ).

M(ξ̇)−M(ξ) ξ̇

ξ

ξ

φ H φ{M(ξ)}

φ

M(ξ)

D

θ

{θ : (θ − θ̂)TM(ξ)(θ − θ̂) ≤ c},

c θ θ̂

{detM(ξ)}− /

log | detM(ξ)| detM(ξ)

D

Ds DA

θ , θ , ..., θp

AT θ

ξ s < p s×p AT

M(ξ)

M = {M :M =M(ξ); ξ ∈ H}

n Hn

i

detM(ξ) = ξ ∈ Hn n < p ii

M iii

ξ̄ ∈ Hn ξ ∈ H iv

n ≤ (p+ )p +

M(ξ̄) =M(ξ)

X

iv

ξ detM(ξ) 6=

p×p φ

M

−∞ M φ

M(ξ) φ = log(det)

−∞ φ{M(ξ)}

M −M φ

φ(M ) ≥ φ(M )

M −M φ(M )

φ φ(M) = det(M)

M φ

M ,M ∈M ≤ λ ≤

φ{λM + ( − λ)M } ≥
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DA

M(ξ) AT θ

G

E(y)

M(ξ)

d(x, ξ) = f
T(x)M− (ξ)f(x)

f
T(x)M− (ξ)f(x) f

T(x)θ̂

d maxx∈X d(x, ξ)

G

E

λmin(M(ξ))

M(ξ) λmin(M(ξ))

E

λmin(M) = min
cT c=

c
TMc,

E p c

c
T
c = c

T θ̂

AT {M(ξ)}− AT θ

DA det[AT {M(ξ)}− ]

s Is AT = (Is )

s×(p−s)

s < p θ , θ , ..., θs s

M(ξ) =







M (ξ) M (ξ)

MT (ξ) M (ξ)







Mkl(ξ) =

n
∑

i=

fk(xi)f
T

l (xi)wi, k, l = ,

p − s s f f

(ATM− (ξ)A)−

M (ξ)−M (ξ){M (ξ)}− MT (ξ)

ξ

Ds

AT θ

AT θ θ

x x

( , ) ( , ) X E(y) = θ x +θ x

θ ( , )

( , ) N

θ

M(ξ) =







N






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L

M−

L =
∫

cc
Tµ(dc) L

c µ p c

trLM− (ξ) =

∫

c
T {M(ξ)}− cµ(dc).

c
T {M(ξ)}− c

s L

s s × p A AAT

tr[AT {M(ξ)}− A],

DA

A p Ip L = Ip

C µ = c L = cc
T

φP

φP

min
ξ∈H

p− (trM−P (ξ))
/P
,

E P =∞ ≤ P ≤ ∞

A P =

p P

max
ξ∈H

[φ{M(ξ)}]

min
ξ∈H

[ψ{V (ξ)}]

C

c
T θ C

p× c

C

V ar(cT θ̂) ∝ c
TM−

c.

C

c θ + c θ + ... + cpθp

C

A

θ̂

A

tr trM− (ξ)

min
ξ∈H

(trLM− (ξ)),

Elfving

SilveyandT itterington

PukelshiemandTorsney [
 D

ow
nl

oa
de

d 
fr

om
 a

nd
is

he
ye

am
ar

i.i
rs

ta
t.i

r 
on

 2
02

5-
05

-1
5 

] 

                             5 / 12

https://andisheyeamari.irstat.ir/article-1-76-fa.html


ξ

ξ D

EffD(ξ) =
detM(ξ)

maxξ∈H detM(ξ)
.

ξ C

EffC(ξ) =
c
T
M
− (ξ∗

C
)c

cTM− (ξ)c
.

D

D

x ξx = {x; }

ξ

ξ = {x , ..., xn ;µ , ..., µn }.

αs xn +s+ s = , , ...

xn +s+ = argmax
x∈X

d(x, ξs+ ),

αs = arg max
α∈[ , ]

detM(ξs+ (α)),

d(x, ξ) ξs+ (α) = ( − α)ξs + αξn +s+

ξs+ (α) =

φ V = M− (ξ)

V ξ M

D

D ξ∗ i

G ξ∗ ii

p maxx∈X d(x, ξ∗) = p iii

d(x, ξ) = f
T(x)M− (ξ)f(x)

D

D

d(x, ξ) iii

D

G D

ξ∗ D

maxx∈X d(x, ξ∗) = p D

detM(ξ)

ln [detM(ξ)]

ln [detM(ξ)]

C

ξ∗ C

{fT(x)M− (ξ∗C)c} ≤ c
T
M
− (ξ∗C)c.
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X g(x)
∫

X

g(x)ξN (dx)→
∫

X

g(x)ξ(dx), N →∞

θ, θ̄
∫

X

[η(x, θ)− η(x, θ̄)] ξ(dx),

θ = θ̄

∂η

∂θi
,
∂ η

∂θiθj
, i, j = , ..., p,

X × Ω

Ω θtr

M(ξ, θ) =

∫

X

f(x, θ)fT(x, θ)ξ(dx),

f
T (x, θ) = (

∂η(x, θ)

∂θ
, . . . ,

∂η(x, θ)

∂θp
),

θ = θtr

ξN

ξN =







x . . . xN

/N . . . /N







xj , j = , ..., N

θ̂N = argmin
θ∈Ω

N
∑

j=

(η(xj , θ)− yj) .

θ̂N → θtr, N →∞,

θ̂N

N →∞
√
N(θ̂N − θtr)

σ M− (ξ, θtr)

M(ξ, θ)

{x , ..., xn +s+ ; ( − α)µ (s), ..., ( − α)µn +s(s), α}.

αs

αs =
ds − p

(ds − )p
, ds = d(xn +s+ , ξs)

ξs s → ∞

D

η(x, θ)

θT f(x)

X Rp Ω

yij ∈ Rl Rk

yij = η(xi, θ) + εij ,

i = , ..., n; j = , ..., ri);
n
∑

i=

ri = N, = f
T(xi)θ,

E(εij) = εij

η(x, θ) V ar(εij) = σ >

σ xi ∈ X θ = (θ , ..., θp) ∈ Ω

X × Ω η(x, θ)
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D

φ(M(ξ, θ))

C E D

φD(M(ξ, θ)) = {detM(ξ, θ)} /p,

φE(M(ξ, θ)) = λmin(M(ξ, θ)),

φC(M(ξ, θ)) = {cTM− (ξ, θ)c},

λmin(A) p

c A

θ φ(M(ξ, θ)) ξ∗(θ)

φ

φ

N

M(ξ, θ)

N

M(ξ, θ) = (
N
∑

s=

∂η(xs, θ)

∂θi

∂η(xs, θ)

∂θj
)pi,j=

detM(ξ)

detM(ξ, θ)

θ

detM(ξ, θ)
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D

η(x, θ) = θ + θ x+ θ x , X = [− , ]

D

ξ∗D =







−






d(x, ξ∗D)

iii

ΨΩ(ξ) = inf
θ∈Ω

φ{M(ξ, θ)}
φ{M(ξ∗(θ), θ)}

Ω

φ ξ ΨΩ(ξ)

θ

ξ

∫

φ{M(ξ, θ)}p(dθ)

∫

φ{M(ξ, θ)}
φ{M(ξ∗(θ), θ)}p(dθ)

θ p(dθ)

p(dθ)
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D ξ

D

d(x, ξ∗D)

X =





























































































−

−

−

−

−










































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


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










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
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








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



































































− / /

− / /

− / /

− / /

− / /

/ /

/ /

/ /

/ /

/ /


































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























































N = ξ∗D X

X

det(X ) = > det(X ) = /
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