
−k

−k −k

−k

−k

−k

−k

−k

−k

−k

−k

−k

k −k

 [
 D

ow
nl

oa
de

d 
fr

om
 a

nd
is

he
ye

am
ar

i.i
rs

ta
t.i

r 
on

 2
02

5-
05

-1
5 

] 

                               1 / 9

https://andisheyeamari.irstat.ir/article-1-74-fa.html


−k

−k {R(k)
n }

−k

−k

{U (k)
n }

U
(k)

= k

U
(k)
n+ = min{j : j > U

(k)
n , Xj ≥ X

U
(k)
n−k+ :U

(k)
n

, }

−k {U (k)
n }

−k W
(k)
n = X

U
(k)
n−k+ :U

(k)
n

ρn = #{j ≤ n,Xn ≤ Xj}

Xn #

n ≥ k ρn = k −k

n ≥ k, V
(k)
n −k

k =

n

−k

−k

−k

−k

Xj:j+k− > X
L

(k)
n :L

(k)
n +k−

Xj > X
T

(k)
n−k+ :T

(k)
n

−k −k

−k

{Xn, n ≥ } k′

r Xr:n F

Xn−k+ :n n

k {Xn−k+ :n} k

−k

Xn−k+ :n :

{Xn:n+k− }

{L(k)
n } −k

L
(k)

= ,

L
(k)
n+ = min{j : j > L

(k)
n , Xj:j+k− > X

L
(k)
n :L

(k)
n +k−

},

−k {L(k)
n , n ≥ } .n ≥

S
(k)
n = X

L
(k)
n :L

(k)
n +k−

{S(k)
n , n ≥ }

−k

−k −k

k =

−k

k =

{T (k)
n }

T
(k)

= k,

T
(k)
n+ = min {j : j > T

(k)
n , Xj > X

T
(k)
n−k+ :T

(k)
n
}

R
(k)
n = {R(k)

n } −k

−k X
T

(k)
n−k+ :T

(k)
n
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P (Yi ≤ x) = − P (Yi > x)

= −∏ik
j=(i− )k+ P (Xj > x)

= ( − (−F (x))k)

R( )
n

d
=H(E( )

n ) = H(W + ...+Wn),

Wi ∼ iid

k ≥

E(k)
n

d
=

W + ...+Wn

k
, n ≥ .

k ≥

R(k)
n

d
=H(

W + ...+Wn

k
)

Yn

R
( )
Yn

d
=H∗(W + ...+Wn).

H∗ = G− ( − Yi R
( )
Yn

e− )

R
( )
Yn

d
=H∗(W + ...+Wn)

d
=H(

W + ...+Wn

k
)

d
=E(k)

n

d
=R(k)

n

−k

..., X ,X

∞
∑

n=

(Xn − E(Xn))

⇐⇒
∞
∑

n=

V ar(Xn) <∞.

..., Y , Y ...,X ,X

Xn
a.s.−→X Yn

a.s.−→Y

−k

{Xn, n ≥ }

(k = −k

ϕ

−k {Nn} {Tn} Yi = ϕ(Xi)

−k {N ′

n} {T ′n} Xi

Yi

T ′n
d
=Tn, N ′

n

d
=Nn

−k F

G(x) = ( − ( − F (x))k)

F −k R
(k)

P (R
(k) ≤ x) = − P (R

(k)
> x)

= − P (X > x, ...,Xk > x)

= − (P (X > x))k

= ( − ( − F (x))k),

F −k

G

F .H = F− ( − e−x)

E
(k)
n H

−k

(R
(k)

, ..., R(k)
n )

d
=(H(E

(k)
), ..., H(E(k)

n ))

E
( )
n − E

( )
n− E

( ) − E
( )

E
( )

Yi = min{X(i− )k+ , ..., Xik} [
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−k

Im,k =























, m

k

,

Im,k = I(Xm>Xm−k,m− )

m ≥ k, Im,k

P (Im,k = ) =
k

m

X :m− < X :m− < ... < Xm− :m−

−k Xm = y m −

Xm−k:m− < Xm−k+ :m− < · · ·

< Xm− :m− < y

Xm−k:m− < Xm−k+ :m− < · · ·

< y < Xm− :m−

Xm−k:m− < y < Xm−k+ :m− < · · ·

< Xm− :m−

−k Xm k

m Xm

X :m− < X :m− < · · ·

< Xm− :m− < y

y < X :m− < · · ·

< Xm− :m−

P (Im,k = ) =
k

m

.n→∞

Xn + Yn
a.s.−→X + Y

n→∞

{Xn, n ≥ }

mi = E(Xi) σi = V ar(Xi)

Mn =

n
∑

i=

EXi, sn =

n
∑

i=

σi

{Xn, n ≥ }

δ >
∑n

k= E(|Xk −Mk| +δ)

s +δ
n

−→

{Xn, n ≥ }

Sn −Mn

sn

d−→N( , ),

.Sn =
∑n

k= Xi

{Xn, n ≥ }

{µ(k)
n , n ≥ k}

Xn, ..., X −k

µ(k)
n = max{m : T (k)

m ≤ n}

−k

k

µ
(k)
n

k = µ
(k)
n

−k [
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(µ(k)
n )−E(µ(k)

n )√
k log(n−k+ )

d−→N( , ).

k′

γ

µ(k)
n =

n
∑

m=k

(Im,k), m ≥ k

E(µ
(k)
n ) =

∑n
m=k(

k
m )

=
∑n

m= ( k
m )−∑k−

m= ( k
m )

= k log(n− k + ) + k′γ + o( )

∑

∞

m= (m ) = π

V ar(µ
(k)
n ) =

∑n
m=k

k
m ( − k

m )

=
∑n

m=k
k
m −

∑n
m=k(

k
m )

= k log(n− k + ) + k′γ + o( )

{Im,k− k
m ,m ≥ k}

k
m ( − k

m )

{Im,k − k
m

k logm
,m ≥ k}

(
k logm

) (
k

m
( − k

m
))

∞
∑

m=k

V ar(
Im,k − k

m

k logm
)

=
∞
∑

m=k

(
k
m ( − k

m )

(k logm)

≤
∞
∑

m=
km(logm)

<∞.

{an} {xn}

an ր∞
∞
∑

n=k

xn

an
<∞ =⇒

an

n
∑

j=k

xj →

{Ym}

G(x) = ( − ( − F (x))k)

Ym I ′m

I ′m =























, m

k

, .

k < k < k < · · · < kn

k < k′ < k′ < · · · < k′n

P (Ik ,k = , · · · Ikn,k = )

= P (Ik′ = , · · · Ik′n = )

=
∏n

j= P (Ik′ = )

=
∏n

j= P (Ikj ,k = )

{Im,k}

X(i) = j m =

−i −j

Xi

X(i)

−j

R
( )
i = j

P (I , = ) =
n(I , = )

n(S)
=

µ
(k)
n

mn,k = E(µ
(k)
n )

= k log(n− k + ) + k′γ + o( );

V ar(µk
n) = k log(n− k + )

+ k′γ + o( );

(µ(k)
n )

k log(n−k+ )

a.s.−→ ;

k log(n−k+ )

∑n
m=k(Im,k − k

m )
a.s.→ [
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−k

≤ k
m + ( k

m )

∑n
m=k E|Im,k − E(Im,k)|

Sn

≤
∑n

m=k(
k
m + ( k

m ) )

(k(log(n− k + ) + k′γ + o( )) /

=
k(log(n)− log(k)) + γ + k′k + o( )

(k log(n− k + ) + k′γ + o( )) /

−→

j < k xj =

a.s.
∑

∞

m=k
Im,k−

k
m

k(logm)

k(logn)

∑n
m=k (Im,k − k

m )
a.s.−→

⇒
k log(n− k + )

n
∑

m=k

(Im,k −
k

m
)

a.s.−→

Sn = (k(log(n− k + ) + k′γ + o( )) /

E|Im,k − E(Im,k)| = E|Im,k −
k

m
|

= | − k

m
| k

m
+ (

k

m
) ( − k

m
)

Xn

X : X : X : X : X : X : X : X : X : Xn:n+ −

Sn L
( )
n

L
( )

=

L
( )

= min{j : j > ,Xj:j+ > } =

L
( )

= min{j : j > ,Xj:j+ > } =

L
( )

= min{j : j > ,Xj:j+ > } =
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Xn

L
( )
n

{j > ,

Xj:j+ >

} = { }

{j > ,

Xj:j+ >

X : } =

{ , · · · , }

{j > L
( )
n ,

Xj:j+ >

X
L

( )
n :L

( )
n +

}

X : = X : = X : =
S
( )
n =

XLn:Ln+

T
( )
n

{j > ,

Xj > }

= { }

{j > ,

Xj > }

= { , }

{j > ,

Xj > }

= { , ,

, }

{j > T
( )
n ,

Xj >

X
T

( )
n−

:T
( )
n

}

X : = X : = X : = X : =
R

( )
n =

X
T

( )
n−

:T
( )
n

U
( )
n

{ } { , } { , , } { , , , , , }

R
( )
n = {j >

Un, Xj ≥

X
U

( )
n−

:U
( )
n

}

X : = X : = X : = X : = X : =
W

( )
n =

X
U

( )
n−

:U
( )
n

{j ≤ , {j ≤ , {j ≤ , {j ≤ , {j ≤ , {j ≤ , {j ≤ , {j ≤ {j ≤ n,

≤ Xj} ≤ Xj} ≤ Xj} ≤ Xj} ≤ Xj} ≤ Xj} , X ≤ X } ≤ Xj} Xn ≤ Xj}

{X ,X } {X , ... {X } {X , ... {X , ... {X ,X } {X } {X } {Xj ≥ Xn}

, X } , X } , X }

ρn

X = X = V
( )
n

· · · n

· · · · · · · · · · · · · · · · · · R
( )
n

· · · R
( )
n [

 D
ow

nl
oa

de
d 

fr
om

 a
nd

is
he

ye
am

ar
i.i

rs
ta

t.i
r 

on
 2

02
5-

05
-1

5 
] 

                               7 / 9

https://andisheyeamari.irstat.ir/article-1-74-fa.html


−k

R
( )

R
( )

R
( )

X( ) X( ) X( ) X( ) R
( )

R
( )

R
( )

X( ) X( ) X( ) X( )
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