
[9]
(EEG)
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Σ2 Σ1

x

(p+1)

γ̂0, . . . , γ̂p

lr = − n

2σ2

[

p
∑

i=0

p
∑

j=0

(βiβj − αiαj)γ̂|i−j|
]

.

(p+ 1)

(p+1) AR(p)

Hi(i = 1, 2)

H1 : xt = α1xt−1 + · · ·+ αpxt−p + εt,

H2 : xt = β1xt−1 + · · ·+ βpxt−p + εt,

εt

σ2 H2 H1 εt

βj αj n

x = (xt, xt−1, . . . , xt−p)

Σ

Σi =
{

σi(s− r), r, s = 0, 1, . . . , T − 1
}

, i = 1, 2 ,

αi σi

H2 βi H1
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f(x − ht) x−y
h = t

x

Bias
(

f̂(x)
)

= −hf ′(x)
∫

tK(t)dt

+
h2f ′′(x)

2

∫

t2K(t)dt+ o(h2)

=
h2f ′′(x)

2

∫

t2K(t)dt+ o(h2).

V ar
(

f̂(x)
)

V ar
(

f̂(x)
)

=
f(x)

nh

∫

K2(t)dt+ o
(

(nh)−1
)

.

µ2(K) =
∫

t2K(t)dt R(g) =
∫

g2(t)dt

MSE

MSE
(

f̂(x)
)

=
R(K)

nh
f(x) +

h4µ2
2(K)

4
f ′′(x)2

+ o
(

(nh)−1+h4
)

.

MISE
(

f̂(., h)
)

=AMISE
(

f̂(., h)
)

+o
(

(nh)−1+h4
)

,

AMISE
(

f̂(., h)
)

=
R(K)

nh
+
h4µ2

2(K)

4
R(f ′′).

MSE

MISE

f̂(., h)

h h4

h (nh)−1

h n

AMISE

h

h = hopt =

[

R(K)

µ2
2(K)R(f ′′)n

]
1
5

.

f(x) p x

f̂(x) f(x)

f̂(x) =
1

nhp

n
∑

i=1

Kp

(x− xi
h

)

.

h K

f̂(x)

(MSE) f(x) f̂(x)

(MISE)

x ∈ R f(x) f̂(x)

MSE
(

f̂(x)
)

=V ar
(

f̂(x)
)

+
(

E(f̂(x))− f(x)
)2

.

f

f̂(x)

Bias
(

f̂(x)
)

= E
(

f̂(x)
)

− f(x)

=

∫

1

h
K
(x− y

h

)

f(y)dy − f(x)

=

∫

K(t)f(x− ht)dt− f(x).
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(ISE)

ISE(f̂) =

∫

(f̂(x)− f(x))2dx

=

∫

f̂2(x)dx+

∫

f2(x)dx− 2

∫

f̂(x)f(x)dx.

h

(ISE)

R(f̂)

R(f̂) =

∫

f̂2(x)dx− 2

∫

f̂(x)f(x)dx

f

h

M0(h)

E
(

R(f̂)
)

M0(h) =

∫

f̂2(x)dx− 2

n

n
∑

i=1

f̂−i(Xi),

f̂−i(Xi)

i

f̂−i(Xi) =
1

(n− 1)h

n
∑

j=1
j 6=i

K
(Xi −Xj

h

)

.

K(2) M0(h)

n K hopt

R(f ′′) R(f ′′)
1
5

f

R(f ′′)

inf
h>0

AMISE
(

f̂(., h)
)

=
5

4
C(K)R

1
5 (f ′′)n

−4
5 ,

n→∞ C(K) = µ
2
5
2 (K)R

4
5 (K)

inf AMISE AMISE

K

C(K)

Ke(t) C(K) [8]

Ke(t) =











3
4
√
5
(1− t2

5 ) ,
√
5 ≤ t ≤

√
5

0 , .

K

eff(K) = (C(Ke)/C(K))
5
4 =

3

5
√
5
µ
−1
2

2 (K)R−1(K).

AMISE

f ′′

f
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E
[

log
(

f

f̂

)

(x)
]

dKL =
∫

log
(

f

f̂

)

(x)f(x)dx

n

f̂−i(Xi) =
1

(n− 1)h

n
∑

j=1
j 6=i

K
(Xi −Xj

h

)

.

n
∏

i=1

f̂−i(Xi) =
n
∏

i=1

1

(n− 1)h

n
∑

j=1
j 6=i

K
(Xi −Xj

h

)

,

h

dKL(f, f̂)

E
(

CVKL(h)
)

≈−E
[

dKL(f, f̂)
]

+

∫

log
(

f(x)
)

f(x)dx,

CVKL(h) = 1
n log

[

∏n
i=1 f̂−i(Xi)

]

ĥCV.KL

[19]

BCV MISE

BCV (h) =
1

nh
R(K) +

h4

4
µ2
2(K)R̂(f ′′).

h n−1/5 AMISE

n−1/5 BCV (h)

h ∝ n−1/5 f̂ ′′(x)

K

∫

K(2)(x)dx =

∫

K(x− y)K(y)dy.

u = h−1x K

∫

f̂2(x)dx =

∫

1

nh

n
∑

i=1

K
(x−Xi

h

)

× 1

nh

n
∑

j=1

K
(x−Xj

h

)

dx

=
1

n2h

n
∑

i=1

n
∑

j=1

K(2)
(Xi −Xj

h

)

.

1

n

n
∑

i=1

f̂−i(Xi) =
1

n(n− 1)

n
∑

i=1

n
∑

j 6=i

1

h
K
(Xi −Xj

h

)

=
1

n(n− 1)

n
∑

i=1

n
∑

j=1

1

h
K
(Xi −Xj

h

)

− K(0)

(n− 1)h
.

M0(h) =
2

n2h

[n

2
K2(0)

]

+
2

n2h

[

n−1
∑

i=1

n
∑

j=i+1

K(2)
(Xj −Xi

h

)

− 2n

n− 1
K
(Xj −Xi

h

)]

.

M0(h)

ĥLSCV

H1 : f̂(x) 6= f(x) H0 : f̂(x) = f(x)

f(x)

f̂(x)
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f s f (s)

R
(

f (s)
)

= (−1)s
∫

f (2s)(x)f(x)dx.

ψr = E
(

f (r)(x)
)

ψr =

∫

f (r)(x)f(x)dx, r = 2n,

ψr

ψ̂r(g) =
1

n

n
∑

i=1

f̂ (r)(Xi; g)

=
1

n2g

n
∑

i=1

n
∑

j=1

L(r)
(Xi −Xj

g

)

,

L g

K h

ψr f

g

(MSE)

k = 2, 4, . . . L

r

(−1)[
(r+k)

2 +1]L(r)(0)µk(L) > 0,

µk(L) =
∫

xkL(x)dx

(p > k) p f

g = gn

lim
n→∞

g = 0 lim
n→∞

ng2r+1 =∞.

[26]

MSE
(

ψ̂r(g)
)

=
(L(r)(0)

ngr+1
+
gkµk(L)ψr+k

k!

)2

+
2

n2g2r+1
R
(

L(r)
)

ψ0+
4

n

(

∫

f (r)(x)2f(x)dx−ψ2
r

)

+ O
(

g2k+2
)

+o
(

n−2g−2r−1 + n−1
)

.

BCV (h)

MISE(f̂)
∫

f ′′2(x)dx h

E
(

∫

f̂ ′′2(x)dx
)

E

∫

f̂ ′′
2
(x)dx =

∫

f ′′2(x)dx

+
1

nh5

∫

K ′′2(x)dx+O(h2).

∫

f̂ ′′
2
(x)dx =

∫

f̂ ′′
2
(x)dx− 1

nh5

∫

K ′′2(x)dx.

BCV (h)=
R(K)

nh
+
h4µ2

2(K)

4

[

R(f̂ ′′)−R(K
′′)

nh5

]

.

ĥBCV

ĥBCV

u = x
h

∫

f̂ ′′
2
(x)dx =

1

n2h5

n
∑

i=1

n
∑

j=1

K ′′(2)
(Xj −Xi

h

)

.

K ′′(2)(0) =

∫

K ′′(0− y)K ′′(y)dy =

∫

K ′′2(y)dy.

BCV (h)=
R(K)

nh

+
µ2
2(K)

2n2h

n−1
∑

i=1

n
∑

j=i+1

K ′′(2)
(Xj −Xi

h

)

.

f
∫

f ′′2(x)dx

f s
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f̃(Xi) > 0

λi

λi = {f̃(Xi)/g}−α,

f̃(Xi) g

log g = 1
n

∑n
i=1 log f̃(Xi) 0 ≤ α ≤ 1

f̂(x)

f̂(x) =
1

n

n
∑

i=1

1

hdλdi
K(

x−Xi

hλi
),

h K

K

α

α

α = 0

α = 1
2

λih Xi

h λi

g

gAMSE =

[

k!L(r)(0)

−µk(L)ψr+kn

]1/(r+k+1)

.

gAMSE

f ψr+k gAMSE

∫

f ′′2(x)dx

R(f ′′) = ψ4

R(f ′′) = R
(

f (2)
)

= (−1)2
∫

f (4)(x)f(x)dx = ψ4.

hopt =

[

R(K)

µ2
2(K)ψ4n

]
1
5

.

ψ4 hopt

ψ̂4(g) ψ4 f

hPI

hPI =

[

R(K)

µ2
2(K)ψ̂4(g)n

]
1
5

.

g

d

i f̃(x)
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nHi

i
n
H1
1 +n

H2
2

n1+n2

i

f̂i(ρ) =
1

nih
p
i

ni
∑

j=1

Kp+1(ρ)

Kp+1(xi) = (2π)
−(p+1)

2 exp
(

−1
2 x

Tx
)

πi i ni (i=1, 2)

(p+ 1)

(p+1) Si =
{

X1(i), X2(i), . . . , Xni
(i)

}

i

Xj
T (i) =

{

ρ̂j,1(i), . . . , ρ̂j,p+1(i)
}

, j = 1, 2, . . . , ni,

ρ̂ = (ρ̂1, . . . , ρ̂p+1)

ĥ

n2 (n1 − 1)

(n1−1) j

f̂2,j f̂1,j n2

δĥ1
= min

j

∑

k

∑

l

(

f̂1,j(xk, xl)− ĥ(xk, xl)
)2

,

δĥ2
= min

j

∑

k

∑

l

(

f̂2,j(xk, xl)− ĥ(xk, xl)
)2

.

ρ̂ ∈ π1 if δĥ1
< δĥ2

ρ̂ ∈ π2 if δĥ1
> δĥ2

 [
 D

ow
nl

oa
de

d 
fr

om
 a

nd
is

he
ye

am
ar

i.i
rs

ta
t.i

r 
on

 2
02

5-
05

-1
5 

] 

                             8 / 12

https://andisheyeamari.irstat.ir/article-1-201-fa.html


(p + 1)

(p + 1)

(p+ 1)

(p+1)

PI BCV CV.KL LSCV

(p+ 1) AR(1)

PI BCV CV.KL LSCV

45 48 (0/02572788) 48 (0/07) 48 (0/07) 48 (0/07) (−0/2,−0/3)

48 (0/03616936)

5 5 (0/0275369) 1 (2) 1 (0/07) 1 (0/07) (−0/2, 0/2)

5 (0/02744027)

5 (0/02699787)

6 5 (0/0275369) 3 (2) 4 (0/07) 1 (0/1) (−0/2,−0/5)

5 (0/02744072)

5 (0/0307473)

15 14 (0/02699787) 12 (2) 12 (0/07) 12 (0/07) (0/2, 0/4)

14 0/02476449

3 2 (0/02699787) 3 (2) 4 (0/07) 3 (0/1) (0/2, 0/6)

2 (0/02548263) [
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(p+ 1) MA(1)

PI BCV CV.KL LSCV

44 49 (0/03045534) 42 (2) 45 (0/07) 45 (0/07) (−0/2,−0/3)

6 0 (0/03501655) 0 (0/07) 0 (0/07) 0 (0/07) (−0/2, 0/2)

9 9 (0/03045534) 6 (0/07) 6 (0/07) 6 (0/07) (−0/2,−0/5)

14 14 (0/03501655) 11 (2) 11 (0/07) 11 (0/07) (0/2, 0/4)

6 3 (0/03501655) 3 (0/07) 3 (0/07) 3 (0/07) (0/2, 0/6)

3 (2)

(p+ 1) ARMA(1, 1)

PI BCV CV.KL LSCV

38 31 (0/04689683) 29 (0/07) 29 (0/07) 29 (0/07) (−0/2, 0/2), (0/2, 0/4)

36 36 (0/04814323) 35 (0/07) 35 (0/07) 35 (0/07) (−0/2,−0/3), (−0/2, 0/2)

78 82 (0/04153842) 76 (0/07) 76 (0/07) 76 (0/07) (0/2, 0/4), (0/2, 0/6)

82 (0/04689683)

82 (0/04222779)

26 23 (0/05317702) 25 (2) 25 (0/07) 25 (0/07) (−0/2,−0/5), (−0/2, 0/2)

23 0/0501303

10 8 (0/04487126) 7 (0/2) 8 (0/07) 8 (0/07) (0/2, 0/6), (0/2,−0/6)

8 (0/04222779)

8 (0/0414056)

8 (0/05021266)

(p+ 1) ARMA(1, 1)

PI BCV CV.KL LSCV

21 26 (0/03028601) 28 (2) 27 (0/07) 27 (0/07) (−0/2, 0/2), (0/2, 0/4)

26 (0/02876342)

3 0 (0/03484548) 0 (2) 0 (0/07) 0 (0/07) (−0/2,−0/3), (−0/2, 0/2)

27 29 (0/03028601) 28 (2) 25 (0/07) 25 (0/07) (0/2, 0/4), (0/2, 0/6)

29 (0/02876342)

2 0 (0/02452202) 0 (2) 0 (0/07) 0 (0/07) (−0/2,−0/5), (−0/2, 0/2)

0 (0/0224183

0 (0/02758993

1 2 (0/02928186) 0 (0/07) 0 (0/07) 0 (0/07) (0/2, 0/6), (0/2,−0/6)

0 (2)
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